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introduction & preliminaries

a bit more detail

comparison of Eulerian- & Lagrangian-based continuum mechanics
» configuration & fields
» derivatives (e.g., material time derivative)
» transport & balance relations
» elements of material theory for solids

comparison of non-equilibrium thermodynamic approaches

» generalized Gibbs / entropy-based
e.g. Meixner and Reik (1959), de Groot and Mazur (1962), Liu (1972), Miller (1985)

» General Equation for Non-Equilibrium Reversible-Irreversible Coupling
GENERIC: e.g. Ottinger and Grmela (1997), Ottinger (2005), Grmela (2010)

applications
» homogeneous thermoelastic solids (e.g., Hitter and Svendsen, 2011)

» homogeneous viscoplastic solids (e.g., Hitter and Svendsen, 2012)
» inhomogeneous thermoelastic solids (today)
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introduction & preliminaries

a little notation

things Euclidean
» three-dimensional Euclidean space (E3,V3)
» first-order tensors a, b,c,... € V3
» second-order tensors A, B,C, ... € Lin(V3,V3)
» fourth-order tensors A, B, C, ... € Lin(Lin(V3,V3), Lin(V3,V3))

component form
» Cartesian basis vectors (i, iy, 43) = (i,,%,,1,)
. 3 . . .
» arbitrary order A =37, A 4, ©0; @4,
scalar product

> arbitrary order A-B=37 . A By
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S edlongpreiminades
a little notation

partial derivative

af . flatebd,...) = fla,b,...)
%(a,b7 oY) = lim

a,f(a,b,...)
by... e—0 €
(total) time derivative

§0) i iy £ = 1)

e—0 €



© Eeranfuds? lagrangiansois? Continuum mechanics!
outline

v

introduction & preliminaries

v

Eulerian fluids? Lagrangian solids? Continuum mechanics!

v

"standard" non-equilibrium thermodynamics for solids

v

GENERIC for solids



Eulerian fluids? Lagrangian solids? Continuum mechanics!

continuum mechanics & material behavior

some basic aspects

v

kinematics (body, placement, configuration, motion, velocity, ...)
balance relations (mass, momentum, energy, ...)

constitutive relations / material theory

o entropy / dissipation principle (second law)

o frame-indifference (Euclidean & material)

o material symmetry & constraints (solid, fluid, ..., incompressible, ...)
o material heterogeneity (chemical, structural, ...)

environment / boundary conditions

(variational) formulation of initial-boundary value problems & solution
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Eulerian fluids? Lagrangian solids? Continuum mechanics!

basics: body, placement, configuration, deformation

kinematic space (classic spacetime): E2 x R
material body: differentiable manifold A/ modeled on E?

placement (chart)

k: M —FE* | b—x, =k(b)

configuration (chart image)

B, =k[M]C E*, =z, € B,
deformation (of B,; into B.,)
Xoyw: B — By | o=z, =7k (2,)) =t Xy ()
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Eulerian fluids? Lagrangian solids? Continuum mechanics!

motion

motion: time-dependent (¢ € R) sequence of deformations

X: R x Br — E3 ‘ (tv mr) — X, = Xt(mr) = X(tamr)

OB, oB

special configurations
» reference (e.g., undeformed, initial) B, C E3
» current (deformed, time t) B, = x,[B,] C E?
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Eulerian fluids? Lagrangian solids? Continuum mechanics!

configurations & fields
two configurations B, and B,
= two representations of (time-dependent) physical fields f (¢, x)

referential / material / Lagrangian: field on B,

fi(t,z,)

current / spatial / Eulerian: field on B,

fe(t,z.)

same physical quantity (e.g., temperature)

fit®,) = fo(t =) = fo(t, x(t, 2,))

abstract form (partial composition notation)

Li=Jfcox
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Eulerian fluids? Lagrangian solids? Continuum mechanics!

derivatives of fields

partial derivatives (notation)

of,
ot |, "’

of
ot |,

of,
ox

of.

é)tj; = é)a}

atfc =

Vi, =

, V=

Tt clt

material time derivative: with respect to / at fixed B,

» Lagrangian / referential field
fr = atfr

» Eulerian / spatial field

fo = feoxox ' = O fe+Vf.-xox!
ath+VfC'U

» spatial velocity field

1 1

vi=xox  =0xox
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Eulerian fluids? Lagrangian solids? Continuum mechanics!

deformation & velocity gradients

deformation gradient ("mixed" or "two-point" tensor field on B,)

F:=Vx

velocity gradient ("Eulerian” tensor field on B,)

L:=Vv or L:=Vvoy

connection (chain rule)

F=Vx=Vx=Vwox)=(Vvox)Vx=LF
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Eulerian fluids? Lagrangian solids? Continuum mechanics!

Eulerian & Lagrangian densities, fluxes

area da = dx x dy & volume dv = dx x dy - dz elements

x* da Fdx x Fdy = (cof F)da = (detF)F~"da

x*dv = Fdx x Fdy - Fdz = (det F) dv

relation between volume densities

/Brfrdv=/Bchdv=/Brx*(fcdv)

= frdv=x"(fodv) = [, =(detF)f.ox

relation between surface densities (fluxes)

/BB fr-da:/ I da:/an (f. - da)

= f - da— “(f.-da) = f.,=(cof F)Tf ox
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Eulerian fluids? Lagrangian solids? Continuum mechanics!

transport relations

extensive quantity with density f
[ ta=[ sa
B, B,

Lagrangian rate of change (9B, fixed)

/Br}rdv = /Bratfrdv:/Brf'rdv

Eulerian rate of change (0B, = x,[0B,] moving)
/ fcdv:/ atfcvar/ fov-nda
B, B, 4B,
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Eulerian fluids? Lagrangian solids? Continuum mechanics!

Eulerian transport

divergence theorem

fov-nda= / div f,v dv
BC

9B,
divergence form

W:/ (0, f. + div f.v) dv:/ (f. + f.dive) dv

c c Bc

pull-back form

/ /. dv—/ de—/B(chrfcdivv)dv

c
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Eulerian fluids? Lagrangian solids? Continuum mechanics!

balance relation

for extensive quantity with density f

/fdv = /pdv + f-nda+/sdv
B B OB B
N—_—— N————’ N——
production flux supply
rate rate rate

differential forms in terms of material time derivative

fo = po+divf +s,
fc+fcdivv p. +div f. + s

in terms of partial time derivatives

O fy = pp +div f, + 5,
O fe = pe+div(f. — fov) + s,
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Eulerian fluids? Lagrangian solids? Continuum mechanics!

specfic balance relations

mass (no supply)
o, =m, —divy,, 0.+ o, divv=m,—divyj,
linear momentum (no production)
m,=divS, +b,, m. +m,divv=divS, + b,
total energy (no production)
é, =divh, +s,, é.+e.divv=divh .+ s,
entropy
ﬁrzwridiv¢r+0—rﬂ 770+77cdivv:ﬂ-cfdiv¢c+0—c

From now on: only "Lagrangian” ("r" subscript will be dropped)
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Eulerian fluids? Lagrangian solids? Continuum mechanics!

a little material / constitutive theory

balance relations contain constitutive quantities: j,m, S, h, s, ¢, . ..
momentum flux: first Piola-Kirchhoff stress, Cauchy stress

P=S,, T=S,

example: constitutive model for stress, free energy density ¢ (F")
P(F) = 0py(F)

material frame-indifference (observer independence)

U(F) =4(QF) vQ € Orth(V?,V?)

material symmetry (e.g., anisotropy)

Y(F) =¢(FQ) VYQ € G c Orth(V3,V3)
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"standard" non-equilibrium thermodynamics for solids

setting

kinematics & balance relations v/

material class: materially inhomogeneous solids

selected applications of phase field modeling

»

vV vy VY VY VY

precipitate formation (phase separation) in multicomponent solids
recrystallization in polycrystalline systems

austenite — martensite transformation in metallic systems

dislocation dissociation / core-solute interaction in metallic nanocrystals
polarization domain microstructure formation in ferroelectrics
magnetization domain microstrcture formation in ferromagnetics

today: simple ideal case
» two-component, two-phase solid mixture
» for simplicity: thermoelastic phases with heat and mass transfer
» for simplicity: no mass production, no supplies
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"standard" non-equilibrium thermodynamics for solids

mass balance for two-component mixture

component mass balance (no production)

01 =—divyy, 0= —divj,

mixture mass density

p=0110;

for simplicity: assume mixture mass density constant

p=0 = 0y=—0

one independent component / mass balance relation

0=01, J=J = o=—divj
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"standard" non-equilibrium thermodynamics for solids

linear momentum & energy balance

linear momentum, total energy balance for mixture (no supplies)

m=divP, é=divh

densities (linear momentum, total energy, kinetic energy)

k:px-x:m-m

P— Y :k
m=px, e=k+e, 5 2

total energy flux: mechanical + non-mechanical

h=P'x—e

mixture internal energy balance

e=P Vx—dive
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"standard" non-equilibrium thermodynamics for solids

entropy balance & generalized Gibbs
mixture entropy balance

n=mn—dive

(absolute) temperature, inverse temperature ("coldness")
0, 9=0"
generalized Gibbs relation

n—vé = nm—e-VY—9P - -Vx —div(p —de)
= - 1L +ed
(negative) free entropy density, free energy density

Yvi=0e—n=9¢%, Y:=e—0n
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"standard" non-equilibrium thermodynamics for solids

internal energy flux & entropy flux

notation (energetic — entropic)

f=0f=0""F

for heat & mass transport

» entropy flux: purely thermal (Clausius-Duhem)
e.g. Eckart (1940), Truesdell and Noll (1965), Gurtin and Vargas (1971), Silhavy (1997)

¢p=4q, e=q+puj

» (energetic) chemical potential ;

» internal energy flux: purely thermal
e.g. Meixner and Reik (1959), de Groot and Mazur (1962), Mller (1968)

e=gq, d) = q - /)’.7
» (entropic) chemical potential ji = 9 i
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"standard" non-equilibrium thermodynamics for solids

entropy production rate & dissipation rate

entropy production-rate density

r=P-Vx+jioted—v+q-VI—7 Vi

entropy principle: non-negative entropy production-rate (density)

=0

in terms of dissipation-rate density

§=0n=P -Vx+puo—nl—y—¢-V0—3j -V

dissipation principle: non-negative dissipation-rate (density)

>0, 720 — 6=0n=>0
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"standard" non-equilibrium thermodynamics for solids

a brief aside: Muller-Liu entropy principle

entropy principle with balance relations as constraints
e.g. Liu (1972), Mdiller (1985), Muschik et al. (2001)

T = n+dive
— Xe(g+divy)
— A™ . (1 — div P)
— X(¢—divPTx +divg) > 0
Lagrange multipliers

A A™ )€

not today!
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"standard" non-equilibrium thermodynamics for solids

model class: isothermal phase field

a (very) few landmarks

» van der Waals (1893): non-uniform density (see Rowlison, 1979)
Landau (1937): order parameter PT (see Provatas and Elder, 2010)
Cahn and Hilliard (1958): conservative (mass)
Allen and Cahn (1979): non-conservative (structural)
Khachaturyan (1983): defective solid mechanics (structural)
Elder and Grant (2004): phase field crystal

v

vvyyvyywy

models for materially inhomogeneous free energy (density)
weakly non-local (e.g., Cahn and Hilliard, 1958)
(o x) =Y( ., o), o(), Vo), Vé(x), VVo(x), VVe(T), . ..)

more general: strongly non-local

(..., )= /w(az —x') (..., 0(x),p(x), o(x'), p(x)) dv(x’)
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"standard" non-equilibrium thermodynamics for solids

isothermal formulation of Cahn and Hilliard (1958)
isothermal, purely chemical case

Y(0,Vo,VVo,...)

expand v about the "homogeneous" state
(0,Vo,VVo,..)|g = (0,0,0,...)
expansion up to second order

Y = Ylg +0g,lg - Vo+ Oyl - VVeo+ -
+ %VQ'8V96V£)¢‘HVQ+"'

reduce order: partial integration, divergence theorem

B
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"standard" non-equilibrium thermodynamics for solids

isothermal formulation of Cahn and Hilliard (1958)

no-flux boundary conditions

Ogvo¥lunles =0 =  Ogy, ¥y VVeo=—divigy,¥ly - Ve

dependence of dyy ¥y ON 0

div gy, ¥y - Vo= Vo (9,09v,¢|u)Ve

reduced free energy model

¥(o, Vo) = ¢lu(o) + dy,¥lu(e) - Vo+ 5 Vo Ag(0)Ve

second-order coefficient

AH = 8vvg¢|H - 2698VVQ’(/)|H
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"standard" non-equilibrium thermodynamics for solids

generalization: deformation & material inhomogeneity

free energy density

Y(Vx,0,Vo, ¢, Vo)

elastic phases
P = avx¢

inhomogeneous (local) dissipation rate density
§ = (u—0p) 06— g b Vo— 04— Ogut0-Vo—3j-Vnu
dissipation rate form
/ 5dv = / b 5¢)gdv—/3(j~vu+a¢wa}) dv
~ [ (e om i+ bcu0 md) do
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"standard" non-equilibrium thermodynamics for solids

chemical potential & boundary conditions

inhomogeneous chemical potential

=059

variational derivative

0ya = 0ya — div Oy ,a

boundary conditions

Oyt molop =0, Ogpth ndlop=0

"residual" dissipation-rate density

0=—3-Vu—60,0
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"standard" non-equilibrium thermodynamics for solids

kinetics

thermodynamic fluxes & forces

j = (7.7‘7 *¢) ) f:= (vﬂv 5451/’)

quasi-linear flux-force relation
j=L(... . DOf

dissipation principle

0=j-f=f-Lf >0 <= D=symL >0 (non-negative definite)

simplest case: "diagonal” flux-force relations (no coupling)
j=-D(.)Vu, ¢=-m(..)0,

dissipation-rate density
§=Vu-DVpu+dpmép>20 < D'=D, D=0, m=>0
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"standard" non-equilibrium thermodynamics for solids

the case of a dissipation potential
potential-based flux-force relations
Jj= —av,tda Qéz —8%1/, d
dissipation potential
d(...,Vp,04)
dissipation-rate density
§ = Vp-Og,d+ 04, 05,,d

d non-negative, convex in forces (sufficient for § > 0)

treatment in the GENERIC framework: Hitter and Svendsen (2013)
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"standard" non-equilibrium thermodynamics for solids

summary of isothermal model relations

Cahn-Hilliard mass balance

no= 697/) = agwfdivaw)w’ 5VQQZJ'TLQ'|63:0
0 = —divy = divDVyu, j|aB'n:O

reduced momentum balance

ox =m =div P = divdg, ¢

time-dependent Ginzburg-Landau, Allen-Cahn phase field

b= —m Sy =m (divig s — dy1), Ogyth-m s =0
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"standard" non-equilibrium thermodynamics for solids

model class: non-isothermal phase field

free entropy density

¥(9,Vx,0,Vo,¢,Vo)

thermoelastic internal energy & entropy
623191L — 7’]:'1;—19819'1;

thermoelastic stress, chemical potential
P =00y, p=006

boundary conditions
Oy molop =0, Ogyth-ndlopp=0

"residual” entropy production rate density
T=q-V—j V- ¢

Role thermodynamics modeling solids July 11, 2015

36/62



"standard" non-equilibrium thermodynamics for solids

non-isothermal kinetics

for simplicity: "diagonal” flux-force relations

q=0’K(..)V0, j=-0D(..)Vi, ¢=—-0m(..)5,%

entropy production-rate density

7 = VO-02KVI+Vi-0DVji+ 06,0 0mé,p

dissipation-rate density

§ = VI-0KVI+Vii-DVi+ 0, md,p
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"standard" non-equilibrium thermodynamics for solids

summary of non-isothermal model relations

Cahn-Hilliard mass balance

o= 697/; = agqujfdivaw)d)’ 5VQQZJ’TLQ'|63:0
0 = —divy = divéDV, Jlog - m=0

reduced momentum balance

ox =m =divP =div g,

time-dependent Ginzburg-Landau (TDGL), Allen-Cahn phase field
¢.5 = —9m5¢7ff =m (divawﬂ/} - 5¢¢) ) ﬁawﬂ/; 'n ¢ lop =0
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"standard" non-equilibrium thermodynamics for solids

temperature relation (sketch)

from energy balance & free entropy

¢=P -Vx—divg, &=y

time derivative
€ = 819519—1—8%(5 : VX—&—(()QELH—avgavg—i—@d)eé—i—@wbs-V(/b

from entropy balance & free entropy

n=n—dive, n=1v¢—90

time derivative

i = 00+ 09y VX + 0o+ 0y, Vo+0me+dgyn- Vo
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GENERIC for solids

GENERIC: brief review

General Equation for Non-Equilibrium Reversible-Irreversible Coupling
x=LDE+ MD.S

energy E, entropy S: functionals A[x] of x

D, A functional derivative ("gradient”) of A
skew-symmetric Poisson operator £

symmetric, non-negative definite friction operator M

vvyyyey

inner product, transpose of operator O
(D.B,0TDA) .= (D,A, OD,B)

skew-symmetry of £
(DA, LD, B) = —(D,A,LD,B)

symmetry, non-negative definiteness of M
(DA, M™D,B) = (DA, MD,B), (DA, MDA >0
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GENERIC for solids

brackets & identities

Poisson & dissipation brackets

{A,B} .= (D,A,LD,BY, [A,B]:= (DA, MD,B)

bracket symmetry

LY=L = {B,A} =—{A,B}
MT =M = [B, A=A, B]
MNND = [4,4] >0

Jacobi identity
{A,{B,C}}+{B,{C,A}} +{C,{A,B}} =0
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GENERIC for solids

functional evolution & orthogonality

functional evolution

A= (DA, x) = (DA LDE) + (DA MDS) ={A E} +[A4,5]

orthogonality

LD,S=0, MDE=0

energy conservation

E={E,E} =0

non-negative entropy production

S=1[5,8>0
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GENERIC for solids

functionals & gradient for phase field models

volume density representation of functionals
Alx] :/ a(x,Vx) dv
B

variation

0A = / (040 - 6x + Ogya - 0VX) dv
B

= / d,a-0x dv+ / (Ogya)n - 0x da
B B

(bulk & boundary) functional derivative

DxAlB = 5xa = 8)((1 —div anaa DXA|BB = (8an)|8Bn

no-flux boundary conditions (energy, entropy)

D Algp = (Ogxa)lgpm =0
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GENERIC for solids

choice of GENERIC variables

GENERIC variables

X:(Xam79797¢)7 m:l)X

total energy and entropy

=
X
I

[ e(Vx.m.0.0.50.6.90) dv
B
S = [ 0(Vx.0,0.90.6,99) dv
B
total energy density

1
e(Vx,m,0,0,Vo,$, Vo) = 3,™m ™ +e(Vx,0,0,Vo,6,Vo)
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GENERIC for solids

gradients

driving "forces" / gradients

D, E dye D, S 051
D, E O e D,,S O
DE=| D,E | = | d4e | » DS=1| D,S | =1 dyn
D,E d,e D,S o,n
_D¢E_ _6¢e_ _D¢S_ _5¢77_

particular energy gradient "components”
Se=06e, Ome= % =%, Oe=0p=c
particular entropy gradient "components”, temperature

Omn =0, 6&gn =20y, 0=_-—
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GENERIC for solids

reversible part

GENERIC variable evolution

» momentum evolution reversible (stress thermoelastic)
» temperature evolution reversible & irreversible

» mass evolution irreversible (flux diffusive)

» order parameter evolution irreversible (relaxation)

reversible-irreversible split

Xrev = (X’ m, arev7 0 0) ’ Xipr = (07 07 airrv 0, ¢)

reversible part x,., = LD E
X 0 Ly Ly dye Ly, O + Ly dge
m | = | Ly, 0 Ly Om€ | = | Ly 0x€ + Ly dpe
érev LGX Lem 0 (596 LGX 5X€ + Lem (5m€
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GENERIC for solids

consequences of orthogonality

orthogonality £LD,S =0

—0, 0
LXm 57717’ + LX9 507] =0 — LXQ = 0
Lmé 5977 + medxn =0 = Lm9 = 7medxnain
0
5,,1=0, 5, n#0
Loy 0xn =+ Lgp 0pn = 0 = Loy = 0

reduced evolution relations (L, 4 = 0, Ly, = 0, 6,,,e = X, Oyc = 0 9yn)

X = Lxm 6me + Lx@ 606 = Lxm X
M = Ly 0,6 + Lyg0pe = Ly, 0,(e—0n)

rev
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GENERIC for solids

Poisson operator components

operator component

X=LymX = Ly,=1

skew-symmetry

(DyuAy Ly Dy B) = —(Dy B, Ly Dy A) = Ly, = 1

mx T X xm —m

orthogonality, skew-symmetry

LmG =-L

1
= —divdg,n —

5 1
mx O Dy Dy

<D0A’L9m DmB> _<DmB7Lm0 D9A>

D,A
= [ dvD,,B-divig,n ——
\/B v m 1v VX’/] 89’[7
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GENERIC for solids

Poisson operator components

integration by parts

1
/ dv D, B - divOg,n 5— Dy A
B Ign

1 1
oB 07 B o
boundary condition (0g,7) n|sz = 0
1
(DyA, Ly,,, D, B) = f/ dv DyA — 8VX77 -VD,,B
B 897]

Poisson operator component

__ 1

L =
Om 697’]

aVXT] -V
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GENERIC for solids

summary: reversible part

reversible part

: [0 I 0 5

X 1 x €
m — -1 0 —div avxn % 5m€
: 1
... | 0 g PV 0 5pe

I m

P
= div dg, ¢
1
i 8077 Vxn X

momentum balance, temperature evolution

. . . ; 1 .
m = —40,¢ =divig, ¥ =divP, 0., = Ly,0,c= 7% g1 VX
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GENERIC for solids

irreversible part

GENERIC variable evolution

temperature evolution reversible & irreversible
mass evolution, order parameter irreversible (flux diffusive)
heat conduction affects only 6,

mass diffusion, structural evolution affect 6,..., o, ¢

v

vYyy

reversible-irreversible split
Xrev = <X7 m, 9rev7 Ov 0) ) Xirr = (Oa 07 eirrv 0, ¢)

irreversible part x,,, = M DS

O Myy My, My, dgn Moy dgn + My, 6,n + My, 04m
o | = | My M, O on | = M ,p 091+ M,, 6,1
10) My 0 My, oM My 6gm + My 05m
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GENERIC for solids
consequences of orthogonality

orthogonality M D, E =0

Myydge + My, 00 = 0 = M,y = —M,,0,¢ al

Mg dpe + Myy e = 0 = Myy = M¢¢56615
reduced phase field relations

0 = Mybgn+ M,,6n = M,,6,(n—=10¢) = —M,,&7

¢ = My 0gn+ My, dm = My, d,(n—1ve) = =My, 6,0

— same driving force as in "standard" formulation

comparison with Ginzburg-Landau driving force

06,0 — 6,0 =0"10g,0 - VO
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GENERIC for solids

mass diffusion & structural transition

friction operator component for mass diffusion

M,,=-V-§DV

friction operator component for mobility
J»f;b¢) - 9 m
reduced phase field relations

6 = Mydyn+ M, = divoDV4,)
¢ = Mypdyn+ My,0m = —0mép

consistent with relations from standard NE thermodynamics
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thermal friction operator
split of M,, (heat conduction affects only 6)

My = Mcgy + Mpyg, Megy = f%v : 92Kv%, c= 0y
conduction (9ye = 6 9yn)

Mgy 0gn = —% div 02Kvaic77 = % div K'V6

0

1
MeyySpe = —= divO2KVE
Cc C
orthogonality M D,E = 0 and Mgy, 6yc =0

]vfoe 505‘_% JV[QQ 696 _% Z»[a¢ éﬁf = 0

1 1
- jk[P@@ = ——jbfég 698‘2 — jbfé¢ éﬁg E
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consequences of symmetry

symmetry

(DyA, My, D,B) = (D,B, M4 DyA) = /B D,B div0D Vé,e % DyA dv
integration by parts & boundary condition D,B|,z = 0

/B D,B div0D Vi, % DyAdv = — /B DyA % 9D Vi, - VD,B dv
temperature / mass density coupling

1
My, = —— 0D Vi,e-V

likewise (DyA, M,, D,B) = (D, B, M4, D, A) yields 6-¢ coupling

1
M9¢ = —E 6¢€ Om

Role thermodynamics modeling solids July 11, 2015

56 /62



GENERIC for solids

phase field part M,

previous result from M D E = 0 and Mgy, dge =0
1 1
MP09 = _MGQ 698 E — M9¢ (5¢6 E
0-0 component
1 1 1 1
MQQZ—EGDVCSQ&"V — —MHQCSQEE: EGDV(SQeV(SQeE
9-(,25 component
M, ——1659771 = M (5{-:1—1550m(561
00 = "% 00 % = % €

result

1 1 1 1
MP@Q = E 0D V5Q€ . V(SQE: E + E 5¢5 0m5¢€ E
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summary: irreversible part

friction operator
1 2 1 1 1
7EV‘9 KVE+MP99 —EODV695~V —E5¢€9m
1
M = V~0DV§QsE _V.0DV 0
1
—0m e — 0 Om
C
phase field part of M,
1 1
Mpyy = p {Vé,e- 0D Vi,e+ b4 Omiye} -
irreversible temperature evolution

- 1 1 1 .
Oy = — divKV0+ = Vi,e- 0DV, + = 4,6 0m i1
C (& C
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summary & outlook

comparison of Eulerian- & Lagrangian-based continuum mechanics

comparison of non-equilibrium thermodynamic approaches
» "standard" non-equilibrium thermodynamics
» GENERIC

applications / outlook
» homogeneous & inhomogeneous thermoelastic-viscoplastic solids
» strongly non-local GENERIC-based phase field (Hutter & S., in prep.)
» multiscale dislocation ensemble modeling (Koimann et al. 2015; in prog.)
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