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The Topic as Questions

• which physical quantities do we need to describe a system?

• what are the equations for these variables?

• what features of description do we need/want/wish for?

Answers depend on

• desired resolution

• degree of non-equilibrium in the system

Restriction: we only talk about ideal gases



Let’s look at a gas

mean free path d - particle diameter, n - number density

l0 =
1√
2πd2n

Knudsen number

Kn =
mean free path

relevant process length
=

l0

L

micro: for p = 1 bar ⇒ l0 ≃ 0.1µm, vacuum: for p = 1Pa ⇒ l0 ≃ 1 cm

⇒ up to 1023 particles in interaction



Classical Thermodynamics
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internal combustion engine Diesel cycle

temperature, volume, mass T , V , m

equations of state (ρ = m/V ) p (ρ, T ) , u (ρ, T ) , s (ρ, T )

pressure, int. energy, entropy

1st and 2nd law
d (mu)

dt
= Q̇− p

dV

dt
,

d (ms)

dt
=

Q̇

T
+ Ṡgen

1023 particles described by a handful of properties/equations!

Dominated by global collective behavior (independent of details of interaction)



Classical Hydrodynamics

spatial/temporal resolution: density, velocity, temperature in a continuum cell at xk, t

ρ (xk, t) , vi (xk, t) , T (xk, t)

equilibrium eqs. of state hold locally

p (T, ρ) , u (T, ρ) , s (T, ρ)

Conservation laws

mass
Dρ

Dt
+ ρ

∂vk
∂xk

= 0

momentum ρ
Dvi
Dt

+
∂p

∂xi
+

∂σik

∂xk
= Gi

energy
3

2
ρ
Du

Dt
+

∂qk
∂xk

= − (pδik + σik)
∂vi
∂xk

stress and heat flux as constitutive eqs: Navier-Stokes, Fourier

σik = −2µ
∂v�i
∂xk�

, qi = −κ
∂θ

∂xi

dominated by local collective behavior at xk and vicinity dxk

viscosity, heat conductiovity µ, κ depend on molecular interaction



How do we know?

• Experience!!

•Macroscopic model development from reasonable assumptions

— Equilibrium Thermodynamics

— Non-equilibrium Thermodynamics

— Extended Thermodynamics

• Approximation or coarse graining of microscopic models

—Mechanics: location xi and velocity ci for 1023 particles

— Kinetic theory: Boltzmann equation for velocity distribution f (xi, t, ci)

best macroscopic models based on:

experience, reasonable assumptions, microscopic model



Microscopic Model: Boltzmann equation (mon-atomic gas)

particle location xi, velocity ci

velocity distribution

f (xk, t, ck) dcdx = # of particles in dcdx at t

Boltzmann equation change of f due to transport, particle-particle collisions

∂f

∂t
+ ck

∂f

∂xk
= S (f, f ) =

� � 2π

0

� π/2

0

�
f ′f1′ − ff1

�
g σcoll sinΘ dΘ dε dc1

macroscopic quantities are moments of f (peculiar velocity Ci = ci − vi)

mass density ρ = m

�
f dc

momentum density ρvi = m

�
cif dc

energy density ρu = 3
2ρθ =

m
2

�
C2f dc

pressure tensor pij = pδij + σij = m

�
CiCjfdc

heat flux vector qi =
m
2

�
C2Cifdc

If we know f (xk, t, ck) we know everything we want to know (and far more)!



Boltzmann equation and moments (mon-atomic gas)

define velocity moments/fluxes/productions of f : base functions ϕA (ci)

uA =

�
ϕA (ci) fdc , FAk =

�
ϕA (ci) ckfdc , PA =

�
ϕA (ci)S (f, f ) dc

moment equations: have balance law form

∂uA

∂t
+

∂FAk

∂xk
= PA , A = 1, · · · , N

includes conservation laws for mass, momentum, energy

entropy and 2nd law (H-theorem): special choice ϕ = −k ln f
y

∂η

∂t
+

∂φk

∂xk
= Σ ≥ 0

η = −k

�
f ln

f

y
dc , φk = −k

�
ckf ln

f

y
dc , Σ = −

�
ln

f

y
S (f, f) dc ≥ 0

Boltzmann equation has thermodynamic structure!

Generalization: entropy as number of microstates H = k ln Ω

note: Σ ≥ 0 due to special form of collision term S (f, f), no details



Boltzmann Equation and Equilibrium Thermodynamics

Knudsen number as smallness parameter

Kn =
mean free path l0

macroscopic length scale L

scaled Boltzmann equation

∂f

∂t
+ ck

∂f

∂xk
=

1

Kn
S (f, f )

Kn −→ 0: equilibrium condition (infinitely many collisions)

S
�
f|E, f|E

�
= 0

equilibrium distribution is the Maxwellian: ideal gas: p = ρθ, θ = RT, Ci = ci−vi

f|E =
ρ

m

�
1

2πθ

3

exp

�
−C2

2θ

�

equilibrium described through a handful of (local) properties: ρ, θ, vi

note: for Maxwellian σij = m
�
CiCjf|Edc = 0 , qi =

m
2

�
C2Cif|Edc = 0 ⇒ Euler



Boltzmann Equation and Hydrodynamics

Chapman-Enskog expansion: Knudsen number as smallness parameter

f ≃ f|E +Kn f
(1) +Kn2 f (2) + · · ·

O
�
Kn1

�
approximation to Boltzmann with variables ρ, vi, θ

fCE

�
ρ, vi, T ;

∂v�i
∂xj�

,
∂θ

∂xi
;σcoll

	
= f|E




1 +

nb�

r=0

arS
(r)
5
2

ξ�iξj�
∂v�i
∂xj�

+

na�

r=1

brS
(r)
3
2

ξi

�
2

θ

∂θ

∂xi

�

ξi = Ci/
√
θ, coefficients ar, br depend on collision cross section σcoll; Sonine polynomials S

(r)

k+12

�
ξ2

�

constitutive equations for σij, qi : Navier-Stokes-Fourier

σij = m

�
CiCjfCEdc = −2µ (T )

∂v�i
∂xk�

qi =
m

2

�
C2CifCEdc = −κ (T )

∂θ

∂xi

CE expansion provides explicit link between viscosity µ (T ), heat conductivity κ (T )

and microscopic interaction σcoll



Boltzmann Equation and Hydrodynamics (cont’d)

CE expansion

fCE = f|E +Kn f
(1) +Kn2 f (2) + · · ·

thermal and caloric eqs of state for monatomic gas

p = ρθ , u =
3

2
θ =

3

2

p

ρ

entropy to first order in Kn is equilibrium entropy (η = ρs)

η = −k

�
fCE ln

fCE

y
dc = ρ ln

θ3/2

ρ
+O

�
Kn2

�

entropy flux to first order in Kn is Clausius entropy flux

φk = −k

�
ckfCE ln

fCE

y
dc = ηvi +

qi
T
+O

�
Kn2

�

=⇒

for the ideal gas all elements of equilibrium thermodynamics and hydrodynamics follow

from kinetic theory to orders O
�
Kn0

�
and O

�
Kn1

�
!

CE expansion identifies collective behavior when Kn is sufficiently small!



Now we can ask:

How can we describe systems far from equilibrium where

Equilibrium Thermodynamics or Hydrodynamics

are not valid anymore?

Our aim:

Systematic macroscopic description at arbitrary orders O

Knλ

�



Knudsen number and transport processes

Knudsen number:

Kn =
l0
L

Navier-Stokes-Fourier: Kn≪ 1 slip flow: Kn � 0.05

transition regime: 0.05 � Kn � 10 free molecular flight: Kn→∞
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Knudsen number and transport processes

Knudsen number:

Kn =
l0
L

Navier-Stokes-Fourier: Kn≪ 1 slip flow: Kn � 0.05

transition regime: 0.05 � Kn � 10 free molecular flight: Kn→∞



Example (failure of hydrodynamics):

2D Bottom heated plate, Kn = 0.13

temperature contures and velocity streamlines

[Rana et al., Cont. Mech. Thermodyn. 27, 2015]

Middle: DSMC solution of Boltzmann equation, exact, but takes days

Left: Classical Hydrodynamics (jump/slip NSF): minutes, but misses flow details

Right: Extended Thermodynamics (R13 eqs): minutes, has all details (approx)!!



Microscopic vs Macroscopic Description

Microscopic:

Particles as individuals, or groups of individuals

e.g., location xi and momentum ci at time t for each particle

=⇒ large number of variables

=⇒ tremendous effort of (numerical) calculation

=⇒ complete knowledge (too much!!)

Macroscopic:

Collective properties of particles

e.g., density ρ, velocity vi, temperature T , stress σij, heat flux qi, etc., all at (xk, t)

=⇒ small number of variables

=⇒ fast calculations possible

=⇒ explicit equations allow deeper insight into flow interactions

=⇒ limited knowledge (but all we need!!)



The Task:

Identify the relevant macroscopic properties/variables

and their equations

We need good methods and good principles to guide us



The Task:

Identify the relevant macroscopic properties/variables

and their equations

We need good methods and good principles to guide us

Let’s look at Chapman-Enskog to higher order



CE expansion to 2nd order: Burnett equations

First order CE expansion worked well, so what about 2nd (or higher) orders?

σij = σ
(1)
ij + σ

(2)
ij , qi = q

(1)
i + q

(2)
i

σ
(1)
ij = −2µSij and q

(1)
i = −κ

∂θ

∂xi
with µ = µ0

�
θ

θ0

	ω
, κ =

5

2

µ

Pr
, Sij =

∂v�i
∂xj�

σ
(2)
ij =

µ2

p

�
̟1

∂vk
∂xk

Sij −̟2

�
∂

∂x�i

�
1

ρ

∂p

∂xj�

	
+

∂vk
∂x�i

∂vj�
∂xk

+ 2
∂vk
∂x�i

Sj�k

	
+̟3

∂2θ

∂x�i∂xj�

+̟4
∂θ

∂x�i

∂ ln p

∂xj�
+̟5

1

θ

∂θ

∂x�i

∂θ

∂xj�
+̟6Sk�iSj�k

�

q
(2)
i =

µ2

ρ

�
θ1

∂vk
∂xk

∂ ln θ

∂xi
− θ2

�
2

3

∂2vk
∂xk∂xi

+
2

3

∂vk
∂xk

∂ ln θ

∂xi
+ 2

∂vk
∂xi

∂ ln θ

∂xk

	
+ θ3Sik

∂ ln p

∂xk
+ θ4

∂Sik
∂xk

+ 3θ5Sik
∂ ln θ

∂xk

�

Burnett coefficients for power potentials [Reinecke & Kremer]

γ ω ̟1 ̟2 ̟3 ̟4 ̟5 ̟6 θ1 θ2 θ3 θ4 θ5

ES-BGK 4
3

�
7
2
− ω

�
2 2

Pr
0 2ω

Pr
8 5

3
1
Pr2

�
7
2
− ω

�
5
2
1
Pr2

− 2
Pr

2
Pr

7
3
1
Pr

�
1 + 1

Pr
+ 2ω

7

�

5 1 3.333 2 3 0 3 8 9.375 5.625 −3 3 9.75

ES 3.333 2 3 0 3 8 9.375 5.625 −3 3 9.75

7 0.833 3.561 2.003 2.793 0.217 1.942 7.781 10.038 5.647 −3.010 2.793 9.113

7.66 0.8 3.600 2.004 2.761 0.254 1.784 7.748 10.160 5.656 −3.014 2.761 9.019

9 0.75 3.679 2.007 2.695 0.328 1.466 7.681 10.402 5.674 −3.023 2.695 8.829

17 0.625 3.863 2.016 2.553 0.500 0.814 7.543 10.995 5.736 −3.053 2.553 8.442

∞ 0.5 4.056 2.028 2.418 0.681 0.219 7.424 11.644 5.822 −3.09 2.418 8.286

ES 4 2 3 0 1.5 8 11.25 5.625 −3 3 9.25

Burnett terms describe actual physics, such as thermal stresses, flow driven by heat flux

note: actual flow pattern results form interplay of bulk and boundary effects



Example (failure of hydrodynamics):

2D Bottom heated plate, Kn = 0.13

temperature contures and velocity streamlines

[Rana et al., Cont. Mech. Thermodyn. 27, 2015]

Middle: DSMC solution of Boltzmann equation, exact, but takes days

Left: Classical Hydrodynamics (jump/slip NSF): minutes, but misses flow details

Right: Extended Thermodynamics (R13 eqs): minutes, has all details (approx)!!

note: actual flow pattern results form interplay of bulk and boundary effects



Stability in time: Burnett/super-Burnett are unstable

disturbance in space: k real, Ω = Ωr (k) + iΩi (k) complex

uA = ũA exp [i (Ωt− kx)] = ũA exp [−αt] exp [ik (vpht− x)]

phase velocity and damping:

vph =
Ωr (k)

k
and α = Ωi (k)

stability:

Ωi (k) = α ≥ 0

CE expansion leads to instabilities!



The Task:

Identify the relevant macroscopic properties/variables

and their equations

We need good methods and good principles to guide us

Let’s look at phenomenological methods



The Task of Finding Continuum Approximations

conservation laws for mass, momentum, energy

5 equations for ρ (xk, t), vi (xk, t), θ (xk, t) = RT (xk, t) [id. gas, p = ρθ, e = 3
2ρθ]

Dρ

Dt
+ρ

∂vk
∂xk

= 0 , ρ
Dvi
Dt

+
∂ρθ

∂xi
+

�
∂σik

∂xk

�
= 0 ,

3

2
ρ
Dθ

Dt
+ρθ

∂vk
∂xk

+

�
∂qk
∂xk

+ σkl
∂vk
∂xl

�
= 0

closure problem: find equations for stress deviator σij, heat flux qi, etc

• Linear Irreversible Thermodynamics:

few variables, some non-local constituitive relations

• Extended Thermodynamics:

additional variables and balance law(s), only local constitutive relations

•Moment methods: based on kinetic theory

additional variables and balance law(s) with local or non-local constit. relations



Pure Heat Transfer: Linear Irreversible Thermodynamics

1st law: conservation of energy e, therm. eq of state e = e (T )

∂e

∂t
+

∂qi
∂xi

= 0

local thermodynamic equilibrium: Gibbs eq. Tdη = de

construct entropy balance:

∂η

∂t
Gibbs
=

1

T

∂e

∂t
1st law
= − 1

T

∂qi
∂xi

= −∂ qi
T

∂xi
+ qi

∂ 1
T

∂xi
= −∂φi

∂xi
+ Σ

entropy flux and production

φi =
qi
T

, Σ = qi
∂ 1

T

∂xi

!!
≥ 0

constitutive eq. for qi ensures σ ≥ 0 =⇒ Fourier’s law, κ (T ) > 0

qi = κ̂
∂ 1T
∂xi

= − κ̂

T 2
∂T

∂xi
= −κ

∂T

∂xi

note: e (T ) and η (T ) are local

note: qi = qi


T, ∂T

∂xi

�
is non-local, no history dependence



Pure Heat Transfer: Extended Irreversible Thermodynamics
[I. Müller, D. Jou, etc]

1st law: conservation of energy e

∂e

∂t
+

∂qi
∂xi

= 0

local constitutive equations: qi as additional variable, local const. eq.

ansatz for Gibbs equation in non-equilibrium (a > 0 for convexity)

Tdη = de− aTqidqi

combine Gibbs eq and 1st law =⇒ 2nd law, entropy flux and production

∂η

∂t
+

∂φi

∂xi
= Σ with φi =

qi
T

, Σ = qi

�
∂ 1T
∂xi

− a
∂qi
∂t

�
!!
≥ 0

eq. for qi ensures σ ≥ 0 =⇒ Cattaneo eq with κ̂a = τ

qi = κ̂

�
∂ 1T
∂xi

− a
∂qi
∂t

�

=⇒ ∂qi
∂t

+
κ

τ

∂T

∂xi
= −1

τ
qi

note: balance law for heat flux accounts for non-locality and history!!

note: κ, τ from measurements, equations are stable



Rational Extended Thermodynamics [I. Müller, T. Ruggeri, etc]

1st law: conservation of energy e
∂e

∂t
+

∂qi
∂xi

= 0

postulate: balance law form for flux, and fluxes of fluxes
∂qi
∂t

+
∂Fik

∂xk
= Pi

∂Fij

∂t
+

∂Fijk

∂xk
= Pij

∂Fijk

∂t
+ · · · =

general notation: note motivation from kinetic theory!
∂uA

∂t
+

∂FAk

∂xk
= PA , A = 1, · · · , N

variables uA = {e, qi, Fij, . . .}
fluxes FAk = {qi, Fik, Fijk, . . .}
productions PA = {0, Pi, Pij, . . .}

RET demands: local constitutive relations

FAk = FAk (uB) , PA = PA (uB)



Rational Extended Thermodynamics (cont’d) [I. Müller, T. Ruggeri, etc]

2nd law: must hold for all solutions of the field equations

∂η

∂t
+

∂φk

∂xk
= Σ ≥ 0

local constitutive relations: for entropy, flux, production

η = η (uA) , φk = φk (uA) , Σ (uA)

convexity:

− ∂2η

∂uA∂uB
pos.definite

Liu procedure: use Lagrange multipliers ΛA, so that for all values of the fields uA

∂η

∂t
+

∂φk

∂xk
− ΛA

�
∂uA

∂t
+

∂FAk

∂xk
− PA

	
= Σ ≥ 0

⇒ generalized Gibbs equation, etc.

dη = ΛAduA , dφk = ΛAdFAk , σ = ΛAPA ≥ 0



Rational Extended Thermodynamics (cont’d) [I. Müller, T. Ruggeri, etc]

ΛA as variables: Legendre transform

η′ = ΛAuA − η , Φ′k = ΛAFAk − Φk

so that

dη′ = uAdΛA , dΦ′k = FAkdΛA

symmetry relations

∂2η′

∂ΛA∂ΛB
=

∂uA

∂ΛB
=

∂uB

∂ΛA
,

∂2Φ′k
∂ΛA∂ΛB

=
∂FAk

∂ΛB
=

∂FBk

∂ΛA

Lagrange multipliers as variables

∂uA

∂ΛB

∂ΛB

∂t
+

∂F̄Ak

∂ΛB

∂ΛB

∂rk
= PA

Hyperbolicity: due to symmetry and convexity

⇒ symmetric hyperbolic system with convex extension

⇒ finite speeds of propagation

⇒ well-posedness of Initial Value Problems



Rational Extended Thermodynamics: Success and Problems

• few known systems with full RET structure (Euler, 10 moment)
• no guidelines on choice of variables⇒ trial and error

• boundary conditions widely ignored in ET
• finite speed of propagation⇒ discontinuities in shocks structures?!

• Extended Irreversible TD is approximation of Rational ET, with less structure
• Existing RET/EIT systems mostly equivalent to Grad-type moment systems.
⇒ Thermodynamic structure lost far from equilibrium

• EIT/RET/Grad show good results for linear bulk problems:
⇒ dispersion relation, light scattering

• most systems based on kinetic theory of gases, phonons, photons, electrons
• kinetic theory will explain why full RET is difficult (impossible?) to achieve

Use Kinetic Theory

for foundations, workable alternatives, boundary conditions



The Task:

Identify the relevant macroscopic properties/variables

and their equations

We need good methods and good principles to guide us

Let’s look at the moment method



Back to Kinetic Theory: Moment Method

assumption, as in ET: state described bymoments uA =
�
ϕA (ci) fdc, A = 1, . . . , N

∂uA

∂t
+

∂FAk

∂xk
= PA , A = 1,. . . ,N

moment closure problem: need constitutive equations for

FAk =

�
ϕA (ci) ckfdc , PA =

1

Kn

�
ϕA (ci)S (f) dc

general ansatz: f depends on (xk, t) through moments/derivatives, i.e., non-local

f (xk, t, ck) = f

�
uA (xk, t) , . . . ,

∂r+suA (xk, t)

(∂xi)
r ∂ts

, . . . ; ck

	

special case: local constituitve eqs. as in ET

f (xk, t, ck) = f (uA (xk, t) ; ck) =⇒ FAk (uB) , PA (uB)

Questions that will keep us busy:

• which moments ??

• how many moments ??

• how to close, ie, how to construct f (uA (xk, t) ; ck) ??



Maximum Entropy Principle = RET

use that phase density that maximizes entropy for given values of uA!!

introduce Lagrange multipliers, and maximize without constraints

Φ = −
�

f ln
f

y
dc− ΛA

��
ϕAfdc− uA

	
−→ maximum

⇒ fMEP = y exp [−1− ΛAϕA ]

this implies all RET features, e.g. convexity, and

dη = ΛAduA , dφk = ΛAdFAk , Σ = ΛAPA

Procedure, in principle,

• find uA (ΛB) =
�
ϕAfMEP (ΛB) dc

• invert to find ΛA (uB)

• find FAk (uB) =
�
ϕAckfMEP (ΛB (uC)) dc

• find PA (uB) =
1
Kn

�
ϕAS (fMEP (ΛB (uC))) dc

• also can be used to find η = −k
�
f ln f

ydc, φk = −k
�
ckf ln

f
ydc etc



Maximum Entropy Principle = RET

the problem: exponential distribution

fMEP = y exp [−1− ΛAϕA ]

and polynomial base functions

ϕA = ci1ci2 · · · cin

=⇒ highest polynomial ϕN = cN must be N = even

=⇒ no analytical solution for integrals if N > 2

=⇒ determine all integrals numerically, on the fly, or in advance: extremely costly

and singularity: physically realistic moment states where entropy maximization

problem has no solution [Junk, 1998]

McDonald found fit FAk (uC), PA (uC) for 5 moments in 1D,

works on approximation for 14 moments in 3D . . .

. . . but we’ll need more than 14



MEP: Hyperbolicity, characteristic speeds, and shocks

1D equations
∂uA

∂t
+

∂FA1

∂uB

∂uB

∂x1
= PA

Characteristic speeds ΓA : eigenvalues of ∂FA1
∂uB

subshocks for Γmax > Ma, eg. 13 moment ET

McDonald’s 5 and 14 MEP approx: smooth shocks for all Ma !

singularity gives Γmax→∞ !!! [McDonald and Torrilhon, JCP 251, 2013]



Some points to consider

MEP and RET are equivalent–with MEP program extremely difficult, one cannot

expect access to RET with larger moment numbers!

Almost all known Extended Thermodynamic Systems are approximations which forfeit

some thermodynamic or mathematical structure to workability

Typically, 2nd law/entropy can only be approximated

ET proponents emphasize hyperbolicity, but subshocks are not physical.

Approaches to force thermodynamic structure on equations, eg. Öttinger 13 mo-

ments, or Torrilhon’s R13 with entropy, lead to poorer quality of predicitons

Even good macroscopic approximations to the Boltzmann equations can only approx-

imate its features



Provocative Question:

IF we cannot have both, what do we value higher:

• accuracy in approximation?

• thermodynamic/mathematical structure?



Grad closure as approximation

MEP exponential fMEP can’t be used =⇒ rewrite

fMEP = y exp

�
−1− 1

k
ΛAϕA

�
= f|E exp

�
−1
k
λAϕA

�

f|E — Equilibrium (Maxwellian), λA — non-eq. part of ΛA

Expansion for small λA

fG ≃ f|E

�
1− 1

k
λAϕA

�

Linear relation

uA − uA|E = −
1

k

�
f|E ϕAϕB dc λB = AABλB =⇒ λB = A−1BA

�
uA − uA|E

�

closure FAk (uB) , PA = PA (uB) straightforward =⇒

Explicit Grad moment systems for arbitrary number of moments!!

•Which and how many moments ??

• How to reduce a large system to its essence ??

• Thermodynamic structure ??

• Quality of predictions ??



Order of magnitude method [HS 2004]

Step 1:

• set up moment system for arbitrary number of moments N

• close with Grad method (or other . . . )

Step 2:

• Chapman-Enskog expansion to find leading Kn−order of moments

• linear combination of moments such that number of moments at given

Kn−order is minimal

• repeat for next order of magnitude

Step 3:

• use Kn−orders to rescale equations for new moments

• use scaling for model reduction to a given order of accuracy

Overall goal: Reduce large moment system to its essence



Order of magnitude method [HS 2004]

Kn =
mean free path

macroscopic lengthscale of process

Step by step derivation of equations for the collective from Boltzmann

• O
�
Kn0

�
: Euler

• O
�
Kn1

�
: Navier-Stokes-Fourier

• O
�
Kn2

�
: Grad 13

• O
�
Kn3

�
: regularized 13 moment equations (R13)

• stable equations at all orders [HS & MT 2003]

• accessible for arbitrary interaction potentials [HS 2005, HS & MT 2013]

• application to phonon transport [AM & HS in progress]

• extension to polyatomic molecules [BR & HS 2014]

• extension to mixtures [V.Gupta 2014]



Base: Moments and their equations

central moments Ci — peculiar velocity

ua
i1···in = m

�
C2aC�i1Ci2 · · ·Cin�fdc

equilibrium values (from Maxwellian)

ua
|E = (2a + 1)!!ρθ

a , ua
i1···in|E = 0 , n ≥ 1

non-equilibrium moments

wa = ua − ua
|E , ua

i1···in (a ≥ 1)

general moment equation for central moments (no closure)

Dua
i1···in
Dt

+ 2aua−1
i1···ink

Dvk
Dt

+
n

2n+ 1
(2a + 2n+ 1)ua

�i1···in−1
Dvin�
Dt

+
∂ua

i1···ink
∂xk

+
n

2n+ 1

∂ua+1
�i1···in−1
∂xin�

+ 2aua−1
i1···inkl

∂vk
∂xl

+ 2a
n+ 1

2n+ 3
ua
�i1···in

∂vk�
∂xk

+ 2a
n

2n+ 1
ua
k�i1···in−1

∂vk
∂xin�

+ nua
k�i1···in−1

∂vin�
∂xk

+ ua
i1···in

∂vk
∂xk

+
n (n− 1)
4n2 − 1 (2a + 2n+ 1)u

a+1
�i1···in−2

∂vin−1
∂xin�

= − 1

Kn

1

τ

�

b

C
(n)
ab θa−bub

i1···in

mean free time: 1τ =
1
τ0
ρθ1−s BGK model: C(n)ab diagonal Maxwell molecules: C(n)ab triangular



Order of magnitude method [HS 2004]

Step 1:

• set up moment system for arbitrary number of moments N

• close with Grad method (or alternative . . . )

Based on assumption that a large moment system (N ≫ 1) contains all relevant physics

from the kinetic equation.

Goal is to remove all unneccessary terms from the large system, retain the essence

note: closure affects mainly eqs for higher moments; how important are closure details?



Step 1: Grad closure for moment equations (linear, dimless)

Conservation laws

∂ρ

∂t
+

∂vk
∂xk

= 0 ,
∂vi
∂t

+
∂ρ

∂xi
+

∂θ

∂xi
+

∂σik

∂xk
= Gi ,

3

2

∂θ

∂t
+

∂vk
∂xk

+
∂qk
∂xk

= 0

equations for higher moments (renumbered), a = 1, . . . , N

∂w̃a

∂t
+

N�

b=1

R̃(1)
ab

∂ũb
k

∂xk
− (2a+ 3)!!2 (a + 1)

3

∂qk
∂xk

= − 1

Kn

N�

b=1

C̃(0)ab w̃
b

∂ũa
i

∂t
+

N�

b=1

R̃(2)ab

∂ũb
ik

∂xk
+
1

3

∂w̃a

∂xi
− (2a+ 3)!!

3

∂σik

∂xk
+ (2a+ 3)!!

a

3

∂θ

∂xi
= − 1

Kn

N�

b=1

C̃(1)ab ũ
b
i

∂ũa
ij

∂t
+

∂ũa
ijk

∂xk
+
2

5

∂ũa
�i

∂xj�
+
2 (2a+ 3)!!

15

∂v�i
∂xj�

= − 1

Kn

N�

b=1

C̃(2)ab ũ
b
ij

∂ũa
ijk

∂t
+

∂ũa
ijkl

∂xl
+
3

7

N�

b=1

R̃(2)
ab

∂ũb
�ij

∂xk�
= − 1

Kn

N�

b=1

C̃(3)ab ũ
b
ijk

etc.

w̃a = ũa − ũa
E: non-equilibrium part of scalar moments

R̃(n)
ab : coefficients from Grad closure (closure coefficients only for b = N)

C̃(n)ab : production matrices: collision term + Grad closure [Gupta & Torrilhon, RGD28]



Order of magnitude method [HS 2004]

Step 2:

• Chapman-Enskog expansion to find leading Kn−order of moments

• linear combination of moments such that number of moments at given

Kn−order is minimal

• repeat for next order of magnitude

This step aims at constructing a unique set of variables

Basic moment set must be complete set of polynomials in 3D



Step 2: Order of magnitude of moments [HS 2004]

idea: Chapman-Enskog expansion of moments

ua
i1···in = Kn

0ua
i1···in|0 +Kn

1ua
i1···in|1 +Kn

2ua
i1···in|2 +Kn

3ua
i1···in|3 + · · ·

ua
i1···in is of leading order λ if ua

i1···in|β = 0 for all β < λ

order and leading term are of interest, but not higher order terms

Zeroth order of magnitude O
�
Kn0

�

=⇒ conserved quantities ̺, vi, θ

First order of magnitude O
�
Kn1

�

=⇒ vectors ua
i and rank-2 tensors ua

ij

Second order of magnitude O
�
Kn2

�

=⇒ scalars wa , 3-tensors ub
ijk , 4-tensors ub

ijkl



Step 2: Minimal number of moments of order O
�
Kn
1
�
[HS 2004]

heat flux and pressure deviator to first order

qi|1 =
1

2
u1i|1 = −κ1

∂θ

∂xi
, σij|1 = u0ij|1 = −2µ0

∂v�i
∂xj�

ua
i|1 and ua

ij|1 to first order

ua
i|1 = −κa

∂θ

∂xi
=

κa

κ1
2qi|1 , ua

ij|1 = −µa

∂v�i
∂xj�

=
µa

µ0
σij|1

new second order moments

wa
i = ua

i −
κa

κ1
2qi (a ≥ 2) , wa

ij = ua
ij −

µa

µ0
σij (a ≥ 1)

=⇒ ̺, vi, θ are 0th order

=⇒ σij, qi are 1st order

=⇒ wa,wa
i , w

a
ij, u

a
i1···in are at least 2nd order

–––––––––––––––––––––––––––––––––––––––––––

κa =
τ0

θ1−s−a

�

b=1

�
C(1)ab

�−1 b (2b+ 3)!!
6

, µa =
τ0

θ−s−a

�

b=0

�
C(2)ab

�−1 (2b+ 5)!!
15



Step 2: Minimal number of moments of order O
�
Kn
1
�
[HS 2004]

and so on, for higher orders . . .

lots of detail ignored

next only equations for Maxwell molecules, which are simplest by far

(triangular matrices C(α)ab )



Order of magnitude method [HS 2004]

Step 3:

• use Kn−orders to rescale equations for new moments

• use scaling for model reduction to a given order of accuracy

Step 2 assignes Knudsen orders to all terms in all equations, which are now used to

remove what is not needed

We proceed backwards, that is add more and more terms



Zeroth order: Euler

delete all terms of order

O
�
Kn

1
�
and higher

conservation laws
Dρ

Dt
+ ρ

∂vk
∂xk

= 0

ρ
Dvi
Dt

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi
+Kn

1
�
∂σik

∂xk

�
= 0

3

2
ρ
Dθ

Dt
+ ρθ

∂vk
∂xk

+Kn
1
�
∂qk
∂xk

+ σkl
∂vk
∂xl

�
= 0

equations for pressure deviator and heat flux

Kn
2
µ

�
Dσij

Dt
+
4

5

∂q�i
∂xj�

+ 2σk�i
∂vj�
∂xk

+ σij
∂vk
∂xk

�
+Kn

3
µ

�
∂mijk

∂xk

�
= −ρθKn

1
�
σij + 2µ

∂v�i
∂xj�

�

Kn
2
κ

�
Dqi
Dt

+
5

2
σik

∂θ

∂xk
− σikθ

∂ ln ρ

∂xk
+ θ

∂σik

∂xk
+
7

5
qi
∂vk
∂xk

+
7

5
qk

∂vi
∂xk

+
2

5
qk

∂vk
∂xi

�

+Kn
3
κ

�
1

2

∂Rij

∂xk
+
1

6

∂∆

∂xi
+mikl

∂vk
∂xl

− σik

ρ

∂σkl

∂xl

�
= −5

2
ρθKn

1
�
qi + κ

∂θ

∂xi

�

+ higher moment equations for u0ijk, w
1
ij = u1ij − µ1σij, w2 = u2 − u2|E



First order: Navier-Stokes-Fourier

delete all terms of order

O
�
Kn

2
�
and higher

conservation laws
Dρ

Dt
+ ρ

∂vk
∂xk

= 0

ρ
Dvi
Dt

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi
+Kn

1
�
∂σik

∂xk

�
= 0

3

2
ρ
Dθ

Dt
+ ρθ

∂vk
∂xk

+Kn
1
�
∂qk
∂xk

+ σkl
∂vk
∂xl

�
= 0

equations for pressure deviator and heat flux

Kn
2
µ

�
Dσij

Dt
+
4

5

∂q�i
∂xj�

+ 2σk�i
∂vj�
∂xk

+ σij
∂vk
∂xk

�
+Kn

3
µ

�
∂mijk

∂xk

�
0 = −ρθKn

1
�
σij + 2µ

∂v�i
∂xj�

�

Kn
2
κ

�
Dqi
Dt

+
5

2
σik

∂θ

∂xk
− σikθ

∂ ln ρ

∂xk
+ θ

∂σik

∂xk
+
7

5
qi
∂vk
∂xk

+
7

5
qk

∂vi
∂xk

+
2

5
qk

∂vk
∂xi

�

+Kn
3
κ

�
1

2

∂Rij

∂xk
+
1

6

∂∆

∂xi
+mikl

∂vk
∂xl

− σik

ρ

∂σkl

∂xl

�
0 = −5

2
ρθKn

1
�
qi + κ

∂θ

∂xi

�

+ higher moment equations for u0ijk, w
1
ij = u1ij − µ1σij, w2 = u2 − u2|E



2nd order: Grad 13 moments

delete all terms of order

O
�
Kn

3
�
and higher

conservation laws
Dρ

Dt
+ ρ

∂vk
∂xk

= 0

ρ
Dvi
Dt

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi
+Kn

1
�
∂σik

∂xk

�
= 0

3

2
ρ
Dθ

Dt
+ ρθ

∂vk
∂xk

+Kn
1
�
∂qk
∂xk

+ σkl
∂vk
∂xl

�
= 0

equations for pressure deviator and heat flux

Kn
2
µ

�
Dσij

Dt
+
4

5

∂q�i
∂xj�

+ 2σk�i
∂vj�
∂xk

+ σij
∂vk
∂xk

�
+Kn

3
µ

�
∂mijk

∂xk

�
= −ρθKn

1
�
σij + 2µ

∂v�i
∂xj�

�

Kn
2
κ

�
Dqi
Dt

+
5

2
σik

∂θ

∂xk
− σikθ

∂ ln ρ

∂xk
+ θ

∂σik

∂xk
+
7

5
qi
∂vk
∂xk

+
7

5
qk

∂vi
∂xk

+
2

5
qk

∂vk
∂xi

�

+Kn
3
κ

�
1

2

∂Rij

∂xk
+
1

6

∂∆

∂xi
+mikl

∂vk
∂xl

− σik

ρ

∂σkl

∂xl

�
= −5

2
ρθKn

1
�
qi + κ

∂θ

∂xi

�

+ higher moment equations for u0ijk, w
1
ij = u1ij − µ1σij, w2 = u2 − u2|E



3rd order: R13 equations

delete all terms of order

O
�
Kn

4
�
and higher

conservation laws
Dρ

Dt
+ ρ

∂vk
∂xk

= 0

ρ
Dvi
Dt

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi
+Kn

1
�
∂σik

∂xk

�
= 0

3

2
ρ
Dθ

Dt
+ ρθ

∂vk
∂xk

+Kn
1
�
∂qk
∂xk

+ σkl
∂vk
∂xl

�
= 0

equations for pressure deviator and heat flux

Kn
2
µ

�
Dσij

Dt
+
4

5

∂q�i
∂xj�

+ 2σk�i
∂vj�
∂xk

+ σij
∂vk
∂xk

�
+Kn

3
µ

�
∂mijk

∂xk

�
= −ρθKn

1
�
σij + 2µ

∂v�i
∂xj�

�

Kn
2
κ

�
Dqi
Dt

+
5

2
σik

∂θ

∂xk
− σikθ

∂ ln ρ

∂xk
+ θ

∂σik

∂xk
+
7

5
qi
∂vk
∂xk

+
7

5
qk

∂vi
∂xk

+
2

5
qk

∂vk
∂xi

�

+Kn
3
κ

�
1

2

∂Rij

∂xk
+
1

6

∂∆

∂xi
+mikl

∂vk
∂xl

− σik

ρ

∂σkl

∂xl

�
= −5

2
ρθKn

1
�
qi + κ

∂θ

∂xi

�

+ higher moment equations for mijk = u0ijk, Rij = u1ij − µ1σij, ∆ = u2 − u2|E



R13 equations (non-linear) [HS & MT 2003, HS 2004]
(Euler / NSF / Grad13 / R13)

Dρ

Dt
+ ρ

∂vk
∂xk

= 0

ρ
Dvi
Dt

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi
+

�
∂σik

∂xk

�
= ρGi

3

2
ρ
Dθ

Dt
+ ρθ

∂vk
∂xk

+

�
∂qk
∂xk

+ σkl
∂vk
∂xl

�
= 0

�
Dσij

Dt
+
4

5

∂q�i
∂xj�

+ 2σk�i
∂vj�
∂xk

+ σij
∂vk
∂xk

�
+

�
∂mijk

∂xk

�
= −ρθ

�
σij

µ
+ 2

∂v�i
∂xj�

�

�
Dqi
Dt

+
5

2
σik

∂θ

∂xk
− σikθ

∂ ln ρ

∂xk
+ θ

∂σik

∂xk
+
7

5
qi
∂vk
∂xk

+
7

5
qk

∂vi
∂xk

+
2

5
qk

∂vk
∂xi

�

+

�
−σij

̺

∂σjk

∂xk
+
1

2

∂Rik

∂xk
+
1

6

∂∆

∂xi
+mijk

∂vj
∂xk

�
= −5

2
ρθ

�
qi
κ
+

∂θ

∂xi

�

∆ = −σijσij

ρ
− 12µ

p

�
θ
∂qk
∂xk

+ θσkl
∂vk
∂xl

+
7

2
qk

∂θ

∂xk
− qk

θ

p

∂p

∂xk

�

Rij = −
4

7

1

ρ
σk�iσj�k −

24

5

µ

p

�
θ
∂q�i
∂xj�

+ 2q�i
∂θ

∂xj�
+
5

7
θ

�
σk�i

∂vj�
∂xk

+ σk�i
∂vk
∂xj�

− 2

3
σij

∂vk
∂xk

	
− θ

p
q�i

∂p

∂xj�

�

mijk = −2
µ

p

�
θ
∂σ�ij
∂xk�

+ σ�ij
∂θ

∂xk�
+
4

5
q�i

∂vj
∂xk�

− σ�ij
θ

p

∂p

∂xk�

�

Chapman-Enskog expansion of R13 ⇒ Euler / NSF / Burnett / super-Burnett



Euler / NSF / Grad13 / R13 (linearized) [HS & MT 2003]

∂tρ+ ρ0∇ · v = 0

ρ0∂tv +∇p +∇ · σ = ρ0G

3

2
ρ0∂tθ + p0∇ · v +∇ · q = 0

∂tσ +
4

5
�∇q�+ 2p0 �∇v� = −

p0
µ0

σ +
2

3

µ0
p0

�
△σ +

6

5
�∇ (∇ · σ)�

�

∂tq+∇ · σ +
5

2
∇θ = −2

3

p0
µ0
q +

6

5

µ0
p0

�
△q + 2∇ (∇ · q)

�

�φ� — symmetric tracefree tensors
blue terms: diffusion; green terms: wave-like; red + blue terms: Knudsen layers.



Stability in time: Grad13, R13 are stable

disturbance in space: k real, Ω = Ωr (k) + iΩi (k) complex

uA = ũA exp [i (Ωt− kx)] = ũA exp [−αt] exp [ik (vpht− x)]

phase velocity and damping:

vph =
Ωr (k)

k
and α = Ωi (k)

stability:

Ωi (k) ≥ 0



H-Theorem for linear R13 equations [HS & MT 2007]

entropy balance
Dη

Dt
+

∂φk

∂xk
= Σ ≥ 0

convex dimensionless entropy density similar to [Bobylev 2007]

(ρ, vi, θ are dimless deviations from equilibrium state ρ0, v0i = 0, θ0)

η = η0 −
1

2
ρ2 − 1

2
vivi −

3

4
θ2 − 1

4
σijσij −

1

5
qiqi

entropy flux [wij = Rij +
∆
3 δij]

φk = − (ρ + θ) vk − viσik − θqk −
2

5
qiσik −

1

2
σijmijk −

1

5
qiwik

bulk entropy generation rate

Σ =
σijσij

2Kn
+
4

15

qiqi
Kn

− 1

2
mijk

∂σ�ij
∂xk�

− 1

5
wik

∂qi
∂xk

!
≥ 0

regularizing constitutive equations guarantee Σ ≥ 0 and linear stability

wij = Rij +
∆

3
δij = −

24

5
Kn

∂q�i
∂xj�

− 4Kn∂qk
∂xk

δij , mijk = −2Kn
∂σ�ij
∂xk�

extension to non-linear case: [Torrilhon 2011]



H-Theorem & boundary conditions [HS & MT 2007]

first and second law for solid wall at rest, temperature θW

cv
∂θW
∂t

+
∂qk
∂xk

= 0 ,
∂ηW
∂t

+
∂φW

k

∂xk
= ΣW

with ηW = η0W − cv
2 θ
2
W , φW

k = −θWqk, ΣW = −qk
∂θW
∂xk

entropy generation at wall: ΣW =
�
φW
k − φk

�
nk ≥ 0

ΣW = σ̄ni

�
vi − vW

i +

�
2

5
− α

	
q̄i +minn

�
+ q̄i

�
ασ̄ni +

1

5
win

�

+ qn

�
θ − θW +

�
2

5
− β

	
σnn +

1

5
wnn

�
+ σnn

�
βqn +

3

4
mnnn

�
+
1

2
σ̄iju

0
ijn ≥ 0

phenomenological boundary conditions guarantee ΣW ≥ 0

σ̄ni = γ1

�
vi − vW

i +

�
2

5
− α

	
q̄i +minn

�
q̄i = γ2

�
ασ̄ni +

1

5
wni

�

qn = γ4

�
θ − θW +

�
2

5
− β

	
σnn +

1

5
wnn

�
σnn = γ3

�
βqn +

1

2
mnnn

�
σ̄ij = γ5

�
1

2
mijn

�

with phenomenological coefficients γ1 − γ5, α, β



How many BC do we need anyway?

Write set of eqs as n, τ — normal/tangential to wall

DAB
∂uB

∂t
+AAB

∂uB

∂xn
+ BAB

∂uB

∂xτ
= PA

How many space integrations?

# of constants for xn-integration = # of eigenvalues of AAB

Interesting problem:

Grad 13 linear, non-linear need different number of BC!

same for orginal R13!!



Fix # of BC for R13 (Maxwell molecules) [AR & HS, 2014]

rewrite: with σNSF
ij = −2µ ∂v�i

∂xj�
, qNSF

i = −154 µ ∂θ
∂xi

∆ = −σijσij

ρ
+ 6

σklσ
NSF
kl

ρ
+
56

5

qkq
NSF
k

p
− 12µθ ∂

∂xk

�
qk
p

	

Rij = −
4

7

σk�iσj�k
ρ

+
24

7

σk�iσ
NSF
jk�
ρ

+
64

25

q�iq
NSF
j�
p

− 24

5
µθ

∂

∂x�i

�
qj�
p

	

mijk =
8

15

1

p
σ�ijq

NSF
k� +

4

5

1

p
q�iσ

NSF
jk� − 2µθ ∂

∂x�i

�
σjk�
p

	

replace: σNSF
ij → σij , qNSF

i → qi

• # of BC the same for linear and non-linear eqs.

• assymptotics remain, i.e., R13 system remains O
�
Kn3

�

• non-linear behavior has changed (shocks!!) . . . under investigation

• no equivalent procedure for Grad 13



Boundary conditions for moments [MT & HS 2008]

derived from Maxwell boundary conditions for Boltzmann eq.

kinetic BC for odd fluxes (at left and right boundary)

slip σtn = −
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χ
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2

πθ

�
Pθ

�
vt − vW

t

�
− 11

5
qt −

1

2
θmtnn − PV 3 + 6PV (θ − θW )

�
nn

Vt = vt− vW
t , vn = 0 , P = ρθ + 1

2σnn− 1
120

∆
θ − 1

28
Rnn
θ

χ accommodation coefficient

indices n, t: normal/tangential components

=⇒ purely local BC, well-posed problem!

H-Theorem at wall in linear case [HS & MT 2007]

2nd order BC for NSF in limit O
�
Kn2

�
[HS & MT 2009]

[Gu&Emerson 2007]: kinetic BC for R13, but too many BC lead to spurious wall layers



A remark on temperature in kinetic theory

internal energy and pressure tensor

ρu =
m

2

�
C2fdc , pij = m

�
CiCjfdc

=⇒ pressure

p =
1

3
pkk =

1

3
m

�
CkCkfdc =

2

3

m

2

�
C2fdc =

2

3
ρu

non-equilibrium temperature defined through energy as in equilibrium

ρu =
3

2
ρRT =

3

2
ρθ ⇒ p =

2

3
ρu = ρθ

but what do we measure? from jump condition

θW = θ +
2− χ

2χ

�
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2
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P
− 1

4
V 2 +

1

4

θσnn

P
+
1

30

∆

P
+
5

56

Rnn

P

θW is thermometer temperature, θ is gas temperature!

=⇒ gas temperature cannot be measured easily



Force driven Poiseuille flow [PT, MT & HS 2008]

R13 equations exhibit temperature dip [Tij & Santos 1994/98, Xu 2003]

θ = C4 −
G2
1

Kn2

�
y4

45
− 488

525
Kn2 y2

�

− C3
2

5
cosh

� √
5y√
6Kn

�

+ C2
956

375
G1 Kn cosh

�√
5y

3Kn

�

+ C2
32

35
√
5
σ12 sinh

�√
5y

3Kn

�

superposition of

bulk solution

Knudsen layers

Kn = 0.072, 0.15, 0.4, 1.0

constants Cα from BC



Transpiration flow

Flow driven by temperature gradient

TH
TL

TW

l0l0

TWL TWH

gas particles thermalize at wall

T -gradient in the wall induces T -gradient in gas

gas-wall interaction: wall pushed towards colder gas

actio = reactio: gas moves towards warmer gas

surface force: gas moves only if volume/area ratio is small



Transpiration flow

Flow driven by temperature gradient

TH
TL

TW

F

l0l0

TWL TWH

gas particles thermalize at wall

T -gradient in the wall induces T -gradient in gas

gas-wall interaction: wall pushed towards cold side

actio = reactio: if wall at rest, gas moves towards warm side

surface force: moves only for small volume/area =⇒ transition regime



Transpiration flow

Flow driven by temperature gradient

TH
TL

TW

l0l0

TWL TWH

V

gas particles thermalize at wall

T -gradient in the wall induces T -gradient in gas

gas-wall interaction: wall pushed towards cold side

actio = reactio: if wall at rest, gas moves towards warm side

surface force: moves only for small volume/area =⇒ transition regime



Transpiration flow

Flow driven by temperature gradient

TH
TL

TW

l0l0

TWL TWH

V

gas particles thermalize at wall

T -gradient in the wall induces T -gradient in gas

gas-wall interaction: wall pushed towards cold side

actio = reactio: if wall at rest, gas moves towards warm side

surface force: moves only for small volume/area =⇒ transition regime



Example (failure of hydrodynamics):

2D Bottom heated cavity, Kn=0.13

temperature contures and velocity streamlines

[Rana et al., Cont. Mech. Thermodyn. 27, 2015]

Middle: DSMC solution of Boltzmann equation, exact, but takes days

Left: Classical Hydrodynamics (jump/slip NSF): minutes, but misses flow details

Right: Extended Thermodynamics (R13 eqs): minutes, has all details (approx)!!



R13: 2D Bottom heated plate (MM) [AR, AM, HS 2015]

comparison of NSF, DSMC, R13

Kn=0.05: heat flux and shear stress

Kn=0.05: temperature and streamlines



R13: 2D Bottom heated plate (MM) [AR, AM, HS submitted]

comparison of NSF, DSMC, R13: temperature and streamlines

Kn=0.13

Kn=0.3



Fun excursion:

play with BC: inverted transpiration



R13: Lid-driven cavity flow (MM) [AR, MT, HS 2013]

velocity streamlines and stress contours Kn = 0.08, vlid = 50ms



R13: Lid-driven cavity flow (MM) [AR, MT, HS 2013]

temperature contours and heat flux streamlines Kn = 0.08, vlid = 50ms

DSMC, R13: heat flux from hot to cold!



Shocks: Comparison with DSMC results [MT & HS 2004]

Failure of NSF, Burnett, super-Burnett, and Grad13



Shocks: Comparison with DSMC results [MT & HS 2004]

Success of R13



Let’s take a step back, and summarize

• close to equilibrium

— LIT and Chapman-Enskog expansion agree

— classical hydrodynamics: Navier-Stokes-Fourier

— thermodynamic structure within range of validity O
�
Kn1

�

• away from equilibrium

— Extended Thermodynamics has great structure, but almost impossible

— Chapman-Enskog to higher orders leads to bad equations (Burnett, s-Burnett)

— Grad method/regularization gives good results, loss of thermodyn. structure

• choice of variables

— ET: by prejudice, expectation, trial & error

— Order of Magnitude: arbitrary system is reduced to its essence



Boltzmann Equation and the Collective

∂f

∂t
+ ck

∂f

∂xk
+Gk
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∂ck
=
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� � 2π

0

� π/2
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g σcoll sinΘ dΘ dε dc1

The Equilibrium Collective: Kn �→ 0

Maxwell distribution: Ci = ci − vi , ξi = Ci/
√
2θ

f|E (ρ, vi, T ) =
ρ

m

1
√
2πθ
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−ξ2
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�

The Weakly Non-Equilibrium Collective: Kn≪ 1

1st order Chapman-Enskog distribution: Sonine polynomials S(r)
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coefficients ar, br depend on cross section σcoll, determine µ, κ



Hydrodynamics vs. Grad 13 moments

Hydrodynamics: variables ρ, vi, θ; constitutive equations for σij, qi

CE distribution

f

�
ρ, vi, T ;

∂v�i
∂xj�

,
∂θ

∂xi
;σ

	
= fM
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�
2

θ

∂θ

∂xi
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Grad 13 moments: variables ρ, vi, θ, σij, qi; constitutive eqns for higher moments

Grad distribution

f|13 (ρ, vi, θ;σij, qi) = fM




1 + ξ�iξj�
σij

p
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ξ2 − 2

5

	
ξk

qk

p
√
θ

�

=⇒ CE distribution function has more complexity than Grad 13!!



CE distribution function has more complexity than Grad 13 . . .

. . . but Grad 13 has more complex equations

Hydrodynamics Grad’s 13 moments
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Is that enough??



CE expansion to 2nd order: Burnett equations

σij = σ
(1)
ij + σ

(2)
ij , qi = q
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Burnett coefficients for power potentials [Reinecke & Kremer]

γ ω ̟1 ̟2 ̟3 ̟4 ̟5 ̟6 θ1 θ2 θ3 θ4 θ5

ES-BGK 4
3

�
7
2 − ω

�
2 2

Pr 0 2ω
Pr 8 5

3
1
Pr2

�
7
2 − ω

�
5
2
1
Pr2

− 2
Pr

2
Pr

7
3
1
Pr

�
1 + 1

Pr +
2ω
7

�

5 1 3.333 2 3 0 3 8 9.375 5.625 −3 3 9.75

ES 3.333 2 3 0 3 8 9.375 5.625 −3 3 9.75

7 0.833 3.561 2.003 2.793 0.217 1.942 7.781 10.038 5.647 −3.010 2.793 9.113

7.66 0.8 3.600 2.004 2.761 0.254 1.784 7.748 10.160 5.656 −3.014 2.761 9.019

9 0.75 3.679 2.007 2.695 0.328 1.466 7.681 10.402 5.674 −3.023 2.695 8.829

17 0.625 3.863 2.016 2.553 0.500 0.814 7.543 10.995 5.736 −3.053 2.553 8.442

∞ 0.5 4.056 2.028 2.418 0.681 0.219 7.424 11.644 5.822 −3.09 2.418 8.286

ES 4 2 3 0 1.5 8 11.25 5.625 −3 3 9.25

2nd order expansion of Grad 13 gives ES-BGK/Maxwell-model coefficients!!



Dependence of moments on molecular interaction model

Couette flow at Kn=0.25, DSMC with different collision models (VHS, VSS, Maxwell)

Hydrodynamic quantities: not much affected

velocity temperature shear stress normal heat flux

Rarefaction quantities (Burnett etc.): visible dependence on molecular model

parallel heat flux pressure normal stress



Non-Maxwellian molecules with moment method??

Answer 1: Brute force–many moments

Burnett is unstable, moment equations are stable

same accuracy with moments requires 13+9N moments (N ≃ 3 =⇒ 40)

=⇒ large computational overhead

Answer 2: Reduce large moment system to its essence

=⇒ Order of Magnitude Method



Regularized 13 moment equations (linear)
coefficients a(α,β) determined through Grad closure, collision term
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Regularized 13 moment equations (linear)
coefficients a(α,β) determined through Grad closure, collision term
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Burnett and super-Burnett equations

CE expansion of generalized R13 (linear)
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Maxwell hard spheres BGK ES-BGK (HS)
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Burnett coefficients agree with literature

super-Burnett coefficients for non-Maxwellian molecules: first time



R13 nonlinear
non-linear 2nd order [HS 2004] with linear 3rd order contributions
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HS 0.66085 0.65006 0.78694 0.17693 2.09248 1.50489 1.00504 0.98678

a(2,0) a(2,1) a(2,2) a(2,3) a(2,4) a(2,5) a(2,6) a(2,7)

MM 1.0 0.8 0.0 2.0 0.0 0.0 0.0 0.0

HS 0.98632 0.63125 0.09466 2.19368 0.11447 0.23128 0.35548 0.10270



Example: Couette flow ε = 0.1, χ = 1 preliminary results, BC not shown

solution of semi-linear R13, similar to [PT,MT&HS 2009]

shear stress

σxy = −C0Kn

velocity

vx (y) = −
a(2,0)

a(2,0)
1

Kn
C1 y − a(2,1) − a(2,2)

2a(2,0)
qx (y)

heat flux parallel to wall

qx(y) = −
1 + a(1,6)

a(1,0)
Kn2C3

0 y + C2 sinh





�
2a(1,0)a(2,0)

a(1,3)a(2,0) − a(1,2)a(2,1) + a(1,2)a(2,2)
y

Kn





shear stress velocity heat flux parallel to wall

constants of integration Cα from BC



Example: Couette flow ε = 0.1, χ = 1 preliminary results, BC not shown

solution of semi-linear R13, similar to [PT,MT&HS 2009]

temperature

θ (y) = C4 −
Pr

5
C2
0 y2 − 2Pr a

(1,1) − a(1,2)

5a(1,0)
σyy

pressure

p = P0 − σyy (y)

normal stress

σyy (y) = −
2 + 2a(2,1) + a(2,6)

3a(2,0)
Kn2C2

0−
2a(2,7)

3a(2,0)
Kn2C4

0 y
2+C3 cosh

��
15a(1,0)a(2,0)

9a(2,3) + 15a(2,4) + 10a(2,2)(a(1,2) − a(1,1))

y

Kn

�

temperature pressure normal stress

constants of integration Cα from BC



R13 distribution function

Recall Grad distribution used for closure

fG = f|E

�
1− 1

k
λBϕB

�
= f|E

�
1− 1

k

�
A−1BA

�
uA − uA|E

��
ϕB

�

Order of Magnitude: constructs moments with clear Kn order

zeroth order: ρ, vi, θ

first order σij , qi

second order mijk

wa
i = ua−1

i − κa

κ1
2qi (a = 2, 3)

wa
ij = ua−1

ij − µa

µ0
σij (a = 2, 3)

at least 3rd order z̃c = w̃c − ζc
ζ1
w̃1 (c = 2, . . . , N)

z̃b
i = w̃b

i −
ηbϑ3 − η3ϑb

η2ϑ3 − η3ϑ2
w̃2i −

η2ϑb − ηbϑ2
η2ϑ3 − η3ϑ2

w̃3i (b = 4, . . . , N)

z̃b
ij = w̃b

ij −
φbϕ3 − φ3ϕb

φ2ϕ3 − φ3ϕ2
w̃2ij −

φ2ϕb − φbϕ2
φ2ϕ3 − φ3ϕ2

w̃3ij (b = 4, . . . ,N)

z̃b
ijk = ũb

ijk −
ξb
ξ1
mijk



R13 distribution function

leading orders for second order variables

w̃b = −ζbε
∂qk
∂xk

w̃b
i = −ϑbε

∂σik

∂xk
− ηb

�
qi +

5ε

2Pr

∂θ

∂xi

�

w̃b
ij = −ϕbε

∂q�i
∂xj�

− φb

�
σij + 2ε

∂v�i
∂xj�

�

ũb
ijk = −ξbε

∂σ�ij
∂xk�

phase density to 2nd order gives R13 closure

f =
ρ

m

exp

−ξ2

2

�

√
2πθ

3

�
1 +Aµξ�iξj�σij +Aκξiqi

−Aζ

�
ε
∂qk
∂xk

	
−Aϕξ�iξj�

�
ε
∂q�i
∂xj�

	
−Aξξ�iξjξk�

�
ε
∂σ�ij
∂xk�

	

−Aϑξi

�
ε
∂σik

∂xk

	
−Aηξi

�
qi + ε

κ1
2

∂θ

∂xi

	
−Aφξ�iξj�

�
σij + εµ1

∂v�i
∂xj�

	�

+O
�
ε3

�



R13 distribution function (non-eq manifold!!!)

f =
ρ

m

exp

−ξ2

2

�

√
2πθ

3

�
1 +Aµξ�iξj�σij +Aκξiqi −Aζ

�
ε
∂qk
∂xk

	
−Aϕξ�iξj�

�
ε
∂q�i
∂xj�

	
−Aξξ�iξjξk�

�
ε
∂σ�ij
∂xk�

	

−Aϑξi

�
ε
∂σik

∂xk

	
−Aηξi

�
qi + ε

κ1
2

∂θ

∂xi

	
−Aφξ�iξj�

�
σij + εµ1

∂v�i
∂xj�

	�

Maxwell molecules: Sonine polynomials

Aµ =
1

2
, Aκ = −1 +

ξ2

5
, Aζ =

3

2
− ξ2 +

ξ4

10

Aϕ = −
6

5
+
6

35
ξ2 , Aξ =

1

3
, Aϑ = Aη = Aφ = 0

hard spheres (3× 3 matrices, round-off):
Aµ = 0.644446− 0.0259338 ξ2 + 0.00058875 ξ4

Aκ = −1.21624 + 0.296686 ξ2 − 0.00909016 ξ4 + 0.000161778 ξ6

Aζ = 1.7532− 1.35824 ξ2 + 0.200694 ξ4 − 0.00770945 ξ6 + 0.000127611 ξ8

Aϕ = −1.59174 + 0.292273 ξ2 − 0.007209 ξ4

Aξ = 0.594947− 0.0412998 ξ2 + 0.0009871 ξ4

Aϑ = −0.0419332 + 0.0222017 ξ2 − 0.00274908 ξ4 + 0.0000861661 ξ6

Aη = 0.154386− 0.0711059 ξ2 + 0.0070829 ξ4 − 0.000148437 ξ6

Aφ = −0.138697 + 0.0265345 ξ2 − 0.000746734 ξ4



The trouble with the 2nd law

Boltzmann equation guarantees 2nd law
∂η

∂t
+

∂φk

∂xk
= Σ ≥ 0

with

η = −k

�
f ln

f

y
dc , φk = −k

�
ckf ln

f

y
dc , Σ = −k

�
S ln f

y
dc

moment system, and Grad distribution fG are only approximations

particular problems:

fG = f|E

�
1− 1

k
λBϕB

�
with ϕB = ci1ci2 · · · cin

• fG may become negative for large ci (somewhat suppressed by Maxwellian f|E)

• =⇒ ln fG
y does not exist for large ci

• series expansion for ln
�
1− 1

kλBϕB

�
requires

  1
kλBϕB

  < 1, hence problematic

=⇒ 2nd law not guaranteed

however: good quality of results indicates good approximation for 2nd law. Large

values of moments will lead to problems (similar to radius of hyperbolicity in ET)



Summary: (Rational) Extended Thermodynamics

what you may like

• equations of balance law form
• 2nd law guaranteed
• symmetric hyperbolic eqs with convex extension =⇒ well-posed

• finite speeds of propagation
• good solutions for solvable problems (with enough variables, no boundaries)

what you may not like

• full structure only for a handful of small systems (e.g., Euler, 10 moments)
• difficult to fill with life without underlying microscopic model
• no a priori statement on number of variables =⇒ trial & error

• no theory for boundary conditions
• workable approximations with larger number of moments lose structure
(=⇒ equivalent Grad moment method)

• finite speeds of propagation



Summary: Moment Method with Order of Magnitude Method

what you may like

• straightforward but cumbersome approximation of Boltzmann equation
• number of variables and their equations a priori linked to Kn
=⇒ only keep what’s necessary

• includes boundary conditions
• good agreement to Boltzmann solutions (with boundaries, Kn limited)
• regularization terms remove hyperbolicity =⇒ smooth shocks

what you may not like

• no entropy/2nd law for non-linear case
• reliance on Grad closure =⇒ negative phase density for large c

• no balance law structure for non-Maxwellian molecules
• regularization terms remove hyperbolicity =⇒ infinite speeds

• Knudsen layers don’t obey bulk scaling laws



Summary: Moment Method with Order of Magnitude Method

what we would like

• alternative closures: positive f , easy to integrate,

• link to 2nd law: at least clear statement about approximation

• more insight into resolution of Knudsen layers



The case for moment equations
and Extended Thermodynamics

•Microscopic theory: Boltzmann Equation

— microscopic variable: distribution function f (xi, t, ci) (7 independent variables!)

— Direct Numerical Solutions are accurate, but numerically expensive

— Direct Simulation Monte Carlo is powerful (molecules, reactions), but expensive

•Macroscopic transport equations

— Approximation to Boltzmann ⇒ limited range of validity Knn≪ 1

— collective behavior described by finite number N of macroscopic variables, e.g.

ρ (xi, t) — density, vi (xi, t) — velocity, T (xi, t) — temperature

σij (xi, t) — stress, qi (xi, t) — heat flux , . . .

— fast deterministic solutions

— explicit equations, analytic solutions give deeper insight into processes



Proper moment equations capture the essence:

Accurate and efficient models for Micro and Vacuum flows

• Analytic solutions

— simple geometry, 1-D / 2-D

— great for understanding of basic rarefaction phenomena

• Numeric solutions (CFD)

— 2-D / 3-D / transient

— give deep insight into complex flow processes

— allow simulation for design optimization

• R13 equations for monatomic gases: continuing

• Extension to polyatomic gases, mixtures: in progress

• Heat transfer in the phonon gas: in progress



IF we cannot have both, what do we value higher:

• accuracy in approximation?

• thermodynamic/mathematical structure?


