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The Topic as Questions

e which physical quantities do we need to describe a system?
e what are the equations for these variables?

e what features of description do we need/want/wish for?

Answers depend on

e desired resolution

e degree of non-equilibrium in the system

Restriction: we only talk about ideal gases



Let’s look at a gas

mean free path d - particle diameter, n - number density

- 1
! V2rd2n
Knudsen number
mean free path lo

Kn = = —

relevant process length L

micro: for p =1bar = [y ~ 0.1 yum, vacuum: for p=1Pa = [y~ 1cm

= up to 10% particles in interaction



Classical Thermodynamics

iector (Drosey Pa Ty
valve valve B 2 3 3
V.. - clearance volume
top dead center
Vi - swept volume 2 4
piston 4
bottom dead centerf§------f------------1 L 1 1
— >
o crank shaft % % ‘/Cf;;v v
internal combustion engine Diesel cycle
temperature, volume, mass T, V. , m
equations of state (p=m/V) p(p,T) , ulp,T) , s(pT)
pressure, int. energy, entropy
d(mu) dV d(ms) @
1st and 2nd law =Q —p— = — 4 Sien
dt dt ' dt T Y

10% particles described by a handful of properties/equations!

Dominated by global collective behavior (independent of details of interaction)



Classical Hydrodynamics

spatial /temporal resolution: density, velocity, temperature in a continuum cell at xy, t

P<$kat) y Ui <$k‘at) ) T(SEk,t)

equilibrium eqgs. of state hold locally

p(T,p) , u(T,p) , s(T,p)

Conservation laws

Dp 8vk
=0
mass Dt +p By
Dv;, 0Op Ooy
t = G;

momentum P Dy + Oz, + .

3 Du Og ov;

= = — (pd; i
energy 3 D + s (i + oir) 9

stress and heat flux as constitutive eqs: Navier-Stokes, Fourier
8$k> i 835@

dominated by local collective behavior at x; and vicinity dzy

viscosity, heat conductiovity (i, K depend on molecular interaction



How do we know?

e Experiencel!!

e Macroscopic model development from reasonable assumptions

— Equilibrium Thermodynamics
— Non-equilibrium Thermodynamics

— Extended Thermodynamics

e Approximation or coarse graining of microscopic models

— Mechanics: location z; and velocity ¢; for 10°° particles

— Kinetic theory: Boltzmann equation for velocity distribution f (x;,t, ¢;)

best macroscopic models based on:

experience, reasonable assumptions, microscopic model



Microscopic Model: Boltzmann equation (mon-atomic gas)

particle location x;, velocity c¢;

velocity distribution

f (xp, t,cr) dedx = F of particles in dedx at ¢

Boltzmann equation change of f due to transport, particle-particle collisions

2
%+Ckaf S(f.f)= // / fll—ffl) g 0. sin © dO de dc?

macroscopic quantities are moments of f (peculiar velocity C; = ¢; — v;)

mass density p=m / fdc

momentum density pU; =m / c;f dc

energy density pu = %p@ =3 / C*fdc
pressure tensor pij = poij + 0y =m / C;C;fdc
heat flux vector q =% / C*C;fdc

If we know f (zy,t, c;) we know everything we want to know (and far more)!



Boltzmann equation and moments (mon-atomic gas)

define velocity moments/fluxes/productions of f: base functions 4 (¢;)
wi= [eate)fde . Fu=[ale)asde . Pa= [ pale)S(5.5)de

moment equations: have balance law form

auA n 8FAk B
ot ka B

includes conservation laws for mass, momentum, energy

Py, A=1,---.N

entropy and 2nd law (H-theorem): special choice ¢ = —klng

0 0
77+¢k

=>>0
ot  Oxy o

n——k/flngdc , gbk——k/ckflngdc , 2__/1n§3(f,f)dczo

Boltzmann equation has thermodynamic structure!

Generalization: entropy as number of microstates H = k1In()

note: > >0 due to special form of collision term S (f, f), no details



Boltzmann Equation and Equilibrium Thermodynamics

Knudsen number as smallness parameter

mean free path [

Kn =

macroscopic length scale L

scaled Boltzmann equation

of  af 1

E+6k8—mzﬂg(f’f)

Kn — 0: equilibrium condition (infinitely many collisions)

S (fig, fig) =0
equilibrium distribution is the Maxwellian: ideal gas: p = p0, 0 = RT, C;=c¢;—v;
3
/ 0 1 C?
— exp | ——
2=V ome TP | T 0

equilibrium described through a handful of (local) properties: p, 6, v,

note: for Maxwellian o;; = m [ CiC;figdc =0 , ¢ =% [ C*C;figdc =0 = Euler



Boltzmann Equation and Hydrodynamics

Chapman-Enskog expansion: Knudsen number as smallness parameter

f:f,E+an<1>+Kn2f(2)+°“
O (Knl) approximation to Boltzmann with variables p, v;, 6

fCE (pa Vi, 1 8£Cj>’ ot Ucoll) f\E 1+ Zar ij

& =G/ V0, coefficients a,., b, depend on collision cross section o..;;; Sonine polynomials S

2 90
;:b Sy \/8%]

(€)

wl»—‘

constitutive equations for o;;, ¢; : Navier-Stokes-Fourier

a’Ui
= m/CiijCEdC = —2u(T) 8:c,i>
_ " [ 020 fopde = —n (1) 2
=5 /C Cifopde = —k (T o

CE expansion provides explicit link between viscosity /. (7'), heat conductivity « (7

and microscopic interaction o



Boltzmann Equation and Hydrodynamics (cont'd)

CE expansion
for = fip + Kn fO 4+ Kn? f& 4.

thermal and caloric eqgs of state for monatomic gas

_3p
p=p0 =3,
entropy to first order in Kn is equilibrium entropy (1 = ps)
93/2
= —k/foEln—dc =pln—+0 (Kn )
0

entropy flux to first order in Kn is Clausius entropy flux
Ok = _k/Ck:fCE In %dc = NV; + % + O (Kn2)
—

for the ideal gas all elements of equilibrium thermodynamics and hydrodynamics follow
from kinetic theory to orders O (Kno) and O (Knl)!

CE expansion identifies collective behavior when Kn is sufficiently small!



Now we can ask:

How can we describe systems far from equilibrium where
Equilibrium Thermodynamics or Hydrodynamics
are not valid anymore?

Our aim:

Systematic macroscopic description at arbitrary orders O (Kn)‘)



Knudsen number and transport processes

Knudsen number:

lo
Kn = —
L
Navier-Stokes-Fourier: Kn < 1 slip flow: Kn < 0.05
L L
o o
l f l f
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Y =g Ix Y=g 1«
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transition regime: 0.05 < Kn < 10 free molecular flight: Kn — oo
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Y . o
l f l f
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Knudsen number and transport processes

Knudsen number:

lo
Kn = —
L
Navier-Stokes-Fourier: Kn < 1 slip flow: Kn < 0.05
L L
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Knudsen number and transport processes

Knudsen number:

lo
Kn = —
L
Navier-Stokes-Fourier: Kn < 1 slip flow: Kn < 0.05
L L
o o
l f l f
0 0
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Y
transition regime: 0.05 < Kn < 10 free molecular flight: Kn — oo
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l f l f
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Knudsen number and transport processes

Knudsen number:

Lo
Kp — -2
T

Navier-Stokes-Fourier: Kn < 1 slip flow: Kn < 0.05

L
y 9
Vi

transition regime: 0.05 < Kn < 10 free molecular flight: Kn — oo
L L
Y . o
VW VW
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Knudsen number and transport processes

Knudsen number: ,
_ 0
L

Navier-Stokes-Fourier: Kn < 1 slip flow: Kn < 0.05

L
y 9
Vi

Kn

free molecular flight: Kn — oo

L

-
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Example (failure of hydrodynamics):
2D Bottom heated plate, Kn = 0.13

temperature contures and velocity streamlines

(a) ) (o)
6 contours and streamlines, NSF (Kn=0.13) 6 contours and streamlines, DSMC (Kn=0.13) 6 contours and streamlines, R13 (Kn=0.13)
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[Rana et al., Cont. Mech. Thermodyn. 27, 2015]

Middle: DSMC solution of Boltzmann equation, exact, but takes days
Left:  Classical Hydrodynamics (jump/slip NSF): minutes, but misses flow details

Right: Extended Thermodynamics (R13 eqs): minutes, has all details (approx)!!



Microscopic vs Macroscopic Description

Microscopic:

Particles as individuals, or groups of individuals

e.g., location x; and momentum ¢; at time ¢ for each particle
—> large number of variables

—> tremendous effort of (numerical) calculation

—> complete knowledge (too much!!)

Macroscopic:

Collective properties of particles

e.g., density p, velocity v;, temperature T, stress o;;, heat flux ¢;, etc., all at (x, t)
— small number of variables

—> fast calculations possible

—> explicit equations allow deeper insight into flow interactions

— limited knowledge (but all we need!!)



The Task:

Identify the relevant macroscopic properties/variables

and their equations

We need good methods and good principles to guide us



The Task:

Identify the relevant macroscopic properties/variables

and their equations

We need good methods and good principles to guide us

Let’s look at Chapman-Enskog to higher order



CE expansion to 2nd order: Burnett equations

First order CE expansion worked well, so what about 2nd (or higher) orders?

%zoﬁ})wﬁ? Cai=q +q?

06 6\“ o Qv
0-1(]1) — _2//LS” and ql(l) — _/{ax. Wlth ,LL ,LLO (90) , R = —ﬂ 3 SZ] — U<

2 2
2) M v, o (1 0p Ovy, Ovj) vk { %0
% = D [wl(%ksm 2 (83:@ <p8xj> + Ox(; Oz}, +2(‘)x<z~SJ>k 1 @3 T ‘

00 Olnp N 1 00 00
—_— w —_—— —

dr; dxy 0z dx)

2

2 _ p Ov, 0ln 0 . 2 oAty gafuk@lnﬁ 2(‘3%81119 . Olnp 0S;i . J0lné

4 [ 18:ck ox; ’ 3 0x.0x; + 30z, Ox; + Ox; Oxy, + 033 +0 + 3055

+?ﬂ4

+ w65k<z'5j>k]

oxy, oxy, oxy,

Burnett coefficients for power potentials [Reinecke & Kremer]

o o o = = & o = [0 [0 [0 [0 |05 |
[seck [1G-w)[> [ [0 (% |5 [sG-wi % [2 [3a0 %%
5 1 3.333 2 3 0 3 8 9.375 5.625 | =3 3 9.75
ES 3.333 2 3 0 3 8 9.375 5.625 | =3 3 9.75
7 0.833 | 3.561 2.003 | 2.793 | 0.217 | 1.942 | 7.781 | 10.038 5.647 | —3.010 | 2.793 | 9.113
7.66 | 0.8 3.600 2.004 | 2.761 | 0.254 | 1.784 | 7.748 | 10.160 5.656 | —3.014 | 2.761 | 9.019
9 0.75 || 3.679 2.007 | 2.695 | 0.328 | 1.466 | 7.681 | 10.402 5.674 | —3.023 | 2.695 | 8.829
17 1 0.625 || 3.863 2.016 | 2.553 | 0.500 | 0.814 | 7.543 | 10.995 0.736 | —3.053 | 2.553 | 8.442
00 0.5 4.056 2.028 | 2.418 | 0.681 | 0.219 | 7.424 | 11.644 5.822 | =3.09 | 2.418 | 8.286
ES 4 2 3 0 1.5 8 11.25 5.625 | =3 3 9.25

Burnett terms describe actual physics, such as thermal stresses, flow driven by heat flux

note: actual flow pattern results form interplay of bulk and boundary effects



Example (failure of hydrodynamics):
2D Bottom heated plate, Kn = 0.13

temperature contures and velocity streamlines

(@) (b) (o)
6 contours and streamlines, NSF (Kn=0.13) 6 contours and streamlines, DSMC (Kn=0.13) 6 contours and streamlines, R13 (Kn=0.13)
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[Rana et al., Cont. Mech. Thermodyn. 27, 2015]

Middle: DSMC solution of Boltzmann equation, exact, but takes days
Left:  Classical Hydrodynamics (jump/slip NSF): minutes, but misses flow details
Right: Extended Thermodynamics (R13 eqs): minutes, has all details (approx)!!

note: actual flow pattern results form interplay of bulk and boundary effects



Stability in time: Burnett/super-Burnett are unstable
disturbance in space: k real, Q = Q, (k) 4 i€); (k) complex

ug = usexp i (U — kx)| = tgexp |—at] exp [ik (vt — )]

phase velocity and damping:

stability:

2.5 10

3 !
5 s NSF! . ol super-Burnett
2 1 -2.5 6l
1.5 ] -5 .
— . — C: 4l
G 1 1 C:—7.5
0.5 — -10 2
. -12.5 0
‘ ‘ ‘ ‘ ‘ ‘ -15 Burnett
-0.6-0.4-0.2 0 0.2 0.4 0.6 -7.5 -5 -2.5 Q 2.5 5 7.5 -2 -1 0 1 2
Qr ér Qr

CE expansion leads to instabilities!



The Task:

Identify the relevant macroscopic properties/variables

and their equations

We need good methods and good principles to guide us

Let’s look at phenomenological methods



The Task of Finding Continuum Approximations

conservation laws for mass, momentum, energy

5 equations for p (g, t), vi(xk,t), 0(xk,t) = RT (zk,t) [id. gas, p=pb, e = 2p]

Dp (%k Dvi 8,09 0o 3 DO (%k 0q;. o
=0 =0 0 =0
(%:k D 83:2 i lﬁxk] 9P Dyt D 0T} [(%:k T Ok, 0x;

closure problem: find equations for stress deviator o;;, heat flux ¢;, etc

e Linear Irreversible Thermodynamics:
few variables, some non-local constituitive relations

e Extended Thermodynamics:
additional variables and balance law(s), only /ocal constitutive relations

e Moment methods: based on kinetic theory
additional variables and balance law(s) with /ocal or non-local constit. relations



Pure Heat Transfer: Linear lrreversible Thermodynamics

1st law: conservation of energy e, therm. eq of state ¢ = ¢ (T))

de  0q;
— —
local thermodynamic equilibrium: Gibbs eq. T'dn = de

construct entropy balance:
O Gibs 10¢ 11w 10q 0% 07 8;

e — ’ _ W
ot Totl Tow,  or,  Yon on
entropy flux and production
1
qi o7 !
P = == > = i = 0
¢ T 4 8:132
constitutive eq. for ¢; ensures 0 > 0 = Fourier’s law, « (T') > 0
07 gOT 9T

4= H&Ui B _ﬁ&cz B _Raxi

note: e (7') and n (T') are local

g = q; (T, %) is non-local, no history dependence



Pure Heat Transfer: Extended Irreversible Thermodynamics
[I. Miiller, D. Jou, etc]

1st law: conservation of energy e
Oe  0q,
e 04 _

local constitutive equations: ¢; as additional variable, /ocal const. eq.

ansatz for Gibbs equation in non-equilibrium (a > 0 for convexity)

Tdn = de — aT'q;dg;

combine Gibbs eq and 1st law = 2nd law, entropy flux and production

. . oL S\ N

ot | oz, T or, ot )=

eq. for g; ensures ¢ > 0 — Cattaneo eq withka=r

(% oa\ . e moT 1
Gi=r 0x; a(?t ot  10x; qu

note: balance law for heat flux accounts for non-locality and history!!

r, T from measurements, equations are stable



Rational Extended Thermodynamics [I. Miiller, T. Ruggeri, etd]

1st law: conservation of energy e

de  0g;
L =0
postulate: balance law form for flux, and fluxes of fluxes
dq;  OFy
+ = P,
8t aZEk
OF;; OFij
ot T (%k /
OFiji
ot
general notation: note motivation from kinetic theory!
8u,4 8FAI<¢
+ =Py , A=1,--- N
ot (%k A
variables ugs =1e,q, Fij,...}
fluxes Far = {4, Fix, Fiji, - - -}

productions P4 = {0, P, P;;,...}

RET demands: /ocal constitutive relations

Fuar = Far(up) , Pa= Py(up)



Rational Extended Thermodynamics (cont’d) [I. Miiller, T. Ruggeri, etc]
2nd law: must hold for all solutions of the field equations

on Oy
= >
6t+8xk =

local constitutive relations: for entropy, flux, production

n=mn(ua) , or=0¢r(ua), X(ua)

convexity:
8uA8uB

pos.definite

Liu procedure: use Lagrange multipliers A4, so that for all values of the fields u 4

F
877+5¢k_AA (8UA+3 Ak

875 (9:[% ot

—Pa ]l =2>0
ot 0x}. A) -

= generalized Gibbs equation, etc.

dn = ANaduy , dop=ANgdFy, , 0=A3Py>0



Rational Extended Thermodynamics (cont’d) [I. Miiller, T. Ruggeri, etc]

A4 as variables: Legendre transform

N =Aug—n , O =AFy— Dy

so that
dn/ = uAdAA ) dq);{ = FAdeA

symmetry relations

(9277/ B (‘9uA B 8uB ({92@;{ B aFAk B 8FBk
ONLOAp  OANp  OAs ~ ONOAp  OAp  OAy

Lagrange multipliers as variables

8uA 8/\3 n 8FAk 8/\3
8/\3 ot 8/\3 8’/"k

Hyperbolicity: due to symmetry and convexity
= symmetric hyperbolic system with convex extension
= finite speeds of propagation

= well-posedness of Initial Value Problems



Rational Extended Thermodynamics: Success and Problems

e few known systems with full RET structure (Euler, 10 moment)

e no guidelines on choice of variables = trial and error

e boundary conditions widely ignored in ET

e finite speed of propagation = discontinuities in shocks structures?!

e Extended Irreversible TD is approximation of Rational ET, with less structure

e Existing RET /EIT systems mostly equivalent to Grad-type moment systems.
= Thermodynamic structure lost far from equilibrium

e EIT/RET /Grad show good results for linear bulk problems:
= dispersion relation, light scattering

e most systems based on kinetic theory of gases, phonons, photons, electrons

e kinetic theory will explain why full RET is difficult (impossible?) to achieve

Use Kinetic Theory
for foundations, workable alternatives, boundary conditions



The Task:

Identify the relevant macroscopic properties/variables

and their equations

We need good methods and good principles to guide us

Let’s look at the moment method



Back to Kinetic Theory: Moment Method

assumption, as in ET: state described by moments u4 = [ 4 (¢;) fdc, A

8uA X aFAk
ot &zzk,

moment closure problem: need constitutive equations for

FAk:/SOA<Ci)Ckde , PA:%/@A@@')SQC)CZC

=Py , A=1...N

~1,....N

general ansatz: f depends on (zy,t) through moments/derivatives, i.e., non-local

B 0" Puy (zp,t)
f(xk’atvck’)_f(uA<:Uk’at)7“'a (axz>rats 3+ Ch

special case: local constituitve egs. as in ET
fxrt ) = f(ua(mp,t);c) = Fap(up) , Pa(up)
Questions that will keep us busy:

e which moments 77?7
e how many moments 77

e how to close, ie, how to construct f (u4 (zy,t);ck) 77



Maximum Entropy Principle = RET
use that phase density that maximizes entropy for given values of v 4!!

introduce Lagrange multipliers, and maximize without constraints
b = —/flnidc — Ay (/@Afdc — uA> —— maximum
Yy

=  fupp=yexp|—1—Asp4 |

this implies all RET features, e.g. convexity, and
dn = Aaduy , dop = NadFy;, , X =AsPy

Procedure, in principle,
e find UA (AB) = f SOAfMEP (AB) dc
e invert to find A4 (up)
{ flnd FA/{; (UB) = f QOACkaEp (AB (’LLC>) dC

e find PA (UB) = Ln f QOAS (fMEP (AB (Uc))) dc
e also can be used to find n = —k [ fIn gdc, o = —k [ cpfIn gdc etc



Maximum Entropy Principle = RET

the problem: exponential distribution
fuep =yexp|—1 — Aapa |
and polynomial base functions
YA = CjCiy*** G,

N

—> highest polynomial o = ¢ must be N = even

—> no analytical solution for integrals if N > 2

—> determine all integrals numerically, on the fly, or in advance: extremely costly

and singularity: physically realistic moment states where entropy maximization
problem has no solution [Junk, 1998]

McDonald found fit Fai (uc), Pa(uc) for 5 moments in 1D,

works on approximation for 14 moments in 3D ...

... but we'll need more than 14



MEP: Hyperbolicity, characteristic speeds, and shocks

1D equations
(9uA 8FA1 8u3 B

ot T Oup 0xq

« .= . . 8FA1
Characteristic speeds ['4 : eigenvalues of T

Py

subshocks for I',,.x > Ma, eg. 13 moment ET

McDonald’s 5 and 14 MEP approx: smooth shocks for all Ma !

1.0 L T o
..-l" T | B 0
/.-"-. /i/ density_ I P ﬁgxer-swkes ,go
. ) 08l ) 14-Moment b
heat flux / A a :
/. 2 Grad13 || "
05 & '.\\ M =20 -
- - s=10 -
AN
A \.
g P
I N,
-10.0 0.0 aj/)\o 10.0 P B ST B
20 40
(a) Normalized density, Ma = 8.

singularity gives [',,,x — oo !l [McDonald and Torrilhon, JCP 251, 2013]



Some points to consider

MEP and RET are equivalent—with MEP program extremely difficult, one cannot
expect access to RET with larger moment numbers!

Almost all known Extended Thermodynamic Systems are approximations which forfeit
some thermodynamic or mathematical structure to workability

Typically, 2nd law/entropy can only be approximated
ET proponents emphasize hyperbolicity, but subshocks are not physical.

Approaches to force thermodynamic structure on equations, eg. Ottinger 13 mo-
ments, or Torrilhon's R13 with entropy, lead to poorer quality of predicitons

Even good macroscopic approximations to the Boltzmann equations can only approx-
imate its features



Provocative Question:

IF we cannot have both, what do we value higher:

e accuracy in approximation?

e thermodynamic/mathematical structure?



Grad closure as approximation

MEP exponential fy;gp can’t be used = rewrite

1
EAASOA ] = fipexp [

fig — Equilibrium (Maxwellian), A4 — non-eq. part of Ay

1

A
2 ASOA]

frmEp = yexp [—1 —

Expansion for small A4
1

fGﬁf|E[1—]C

)\ASOA]

Linear relation

Ug — Up|p = —% / fie papp de Ap = Aaphp = Ap= Ay, (ua — uap)
closure Fu; (up), Ps = P4 (up) straightforward —
Explicit Grad moment systems for arbitrary number of moments!!

e Which and how many moments 77

e How to reduce a large system to its essence 77

e Thermodynamic structure ?77?

e Quality of predictions 77



Order of magnitude method [Hs 2004]
Step 1:

e set up moment system for arbitrary number of moments V

e close with Grad method (or other ... )

Step 2:

e Chapman-Enskog expansion to find leading Kn—order of moments

e linear combination of moments such that number of moments at given
Kn—order is minimal

e repeat for next order of magnitude

Step 3:

e use Kn—orders to rescale equations for new moments

e use scaling for model reduction to a given order of accuracy

Overall goal: Reduce large moment system to its essence



Order of magnitude method [Hs 2004]

mean free path

Kn =

macroscopic lengthscale of process

Step by step derivation of equations for the collective from Boltzmann

O (Kn") : Euler
e O (Kn') : Navier-Stokes-Fourier
o O (Kn?) : Grad 13
e O (Kn’) : regularized 13 moment equations (R13)

e stable equations at all orders [HS & MT 2003]

e accessible for arbitrary interaction potentials [HS 2005, HS & MT 2013]
e application to phonon transport [AM & HS in progress]

e extension to polyatomic molecules [BR & HS 2014]

e extension to mixtures [V.Gupta 2014]



Base: Moments and their equations

central moments C; — peculiar velocity

U?l,,,in =1m / C2aC<Z‘ICZ'2 <o Czn>de

equilibrium values (from Maxwellian)

u|“E = (2a + 1)!'po* | u%---inlE =0, n>1
non-equilibrium moments
w =u' —ulp o, g, (@>1)

general moment equation for central moments (no closure)

Duf Dy, n Dv; ) ou? k n ou EH_I
11" “in 2 a—1 2 2 1 in 11 *n 17 Zn 1
Di Wiy gy Get I D T o D, )
oy, n+1 v vy, no ., Oy, a dv;,)
JrQauZ1 i kl@x +2a2n+3 (i Z”_&rk +2a2nJr 1uk<i1'"i”‘13xin + UG Ozs
Jv, n(n—1) Ovj,_
a 9 9 1 a.+1. n-1 _ - 0& b b
+u“"'2”(9:ck + T 2a+2n+1)ug ;| 9z, KHTZ Wiy iy

mean free time: - = —-p0'~* BGK model: CC(LZ) diagonal Maxwell molecules: CC(LZ) triangular



Order of magnitude method [Hs 2004]
Step 1:

e set up moment system for arbitrary number of moments V

e close with Grad method (or alternative ...)

Based on assumption that a large moment system (/N > 1) contains all relevant physics

from the kinetic equation.

Goal is to remove all unneccessary terms from the large system, retain the essence

note: closure affects mainly eqgs for higher moments; how important are closure details?



Step 1: Grad closure for moment equations (linear, dimless)

Conservation laws

(9p ovy, ov; 0Op 00  Ooy 300 Ov,  Oq
+—=0 |, =G; , = =0
ot on ot | Om Oz,  Om 20t om, | Oy
equations for higher moments (renumbered), a =1,..., N
N
2(a+1) gy 1 5(0) ~b
RW + 3)!! - ——
Z ab (9a:k ) 3 (93% Kn b:Zl ab
O o - 2) OU. 18w (2a + 3)!! Doy, a 00 AN
huhad ) R\ ik =+ (2a+3)-— = —— Lt
8t+; Ty el PR R L v Knb; ab i
oul,  0ul, 20l 2(2a+ 3 vy 1 .
iy 2k 270 (2a + 3)!1 vy :__Z (2)11?'
ot 8$k 5(91‘j> 15 a$j> Kn 1 ¢ J
Oul, O, 3 o OUl 1 <L
ijk ijkl (2) 7 7 (ij (3) ~b
CNTRB W - NT G
ot i ox; i 7 ; ab Oz Kn ; ab Yijh
etc.

T,a

w* = 1" — u%: non-equilibrium part of scalar moments
7@3;): coefficients from Grad closure (closure coefficients only for b = N)

CN(EZ): production matrices: collision term 4 Grad closure [Gupta & Torrilhon, RGD28]



Order of magnitude method [Hs 2004]
Step 2:

e Chapman-Enskog expansion to find leading Kn—order of moments

¢ linear combination of moments such that number of moments at given
Kn—order is minimal

e repeat for next order of magnitude

This step aims at constructing a unique set of variables

Basic moment set must be complete set of polynomials in 3D



Step 2: Order of magnitude of moments [HS 2004]

idea: Chapman-Enskog expansion of moments

a L 0 a
Uy = = Kn U .eiin [0 + Kn'u

|1+Kn

21 ) i1in|2 i1-+0p

a

ug,...; 1s of leading order A if w

13=0 forall § <

21 4

order and leading term are of interest, but not higher order terms

Zeroth order of magnitude O (Kn)
— conserved quantities p, v;, 0

First order of magnitude O (Kn')

—> vectors u; and rank-2 tensors u;;

Second order of magnitude O (Kn2)

b
17k

b

— scalars w® , 3-tensors u 4-tensors w;}

+ Knu? gt



Step 2: Minimal number of moments of order O (Knl) [HS 2004]

heat flux and pressure deviator to first order

s i e B “Oaxj>
u§‘|1 and u?jll to first order
00 Kk v
U, = —K = —9¢; ul = — _ e,
new second order moments
Kq Ha
wi = ui — R—12qi (@>2) , wj=uj— %O'ij (a>1)
— 0, v;, 0 are Oth order
—> 04j,q; are lst order
— wwy, wii, uf ;- are at least 2nd order
™ ] b(2b+3)! _ T )] (20 +5)!
o = Gimea 2 [Cab] 6 M T g [Cab} 15



Step 2: Minimal number of moments of order O (Knl) [HS 2004]

and so on, for higher orders ...
lots of detail ignored

next only equations for Maxwell molecules, which are simplest by far

(triangular matrices Cc(;zj))



Order of magnitude method [Hs 2004]
Step 3:

e use Kn—orders to rescale equations for new moments

¢ use scaling for model reduction to a given order of accuracy

Step 2 assignes Knudsen orders to all terms in all equations, which are now used to

remove what is not needed

We proceed backwards, that is add more and more terms



Zeroth order: Euler

delete all terms of order
@ (Knl) and higher

conservation laws

Dp (%k
=0
+ &zzk
D’UZ' 00 (9,0 o
"ot "oz, o, =0
3 D6 (%k
0— =
2th P 8:ck 0

equations for pressure deviator and heat flux



First order: Navier-Stokes-Fourier
delete all terms of order
@ (KnQ) and higher

conservation laws

Dp (%k

(%k

D’UZ' 00 ao—zkr

"Dt " Por T axﬁK [axk_

3 D6 (%k; 8qk 8@;{
—- + Kn' | =&

2’0Dt P oy, H oxy, +0kl8xl

equations for pressure deviator and heat flux




2nd order: Grad 13 moments
delete all terms of order
@ (Kng) and higher

conservation laws

Dp (%k
+ (%Uk =0
D’UZ' 00 (9 ao—zkr .
"Dt Pon T axﬁK lﬁxk__o
3 DO oy, 8qk a’Uk;_
0% L Kn' |22 _
2'0Dt e Tk . Oxy, +0kl35€l_ !

equations for pressure deviator and heat flux

Do;; 4 9q (91) Ovy,
K 1] = l 2 . j o;
tH [ Dt * 58.I’j> i 8:ck o j@xk] i

Dqg;, 5 00 Jlnp
—Oip—=— — o0 +6
Dt * Oka €Ty ik oxy, oxy,

Jo 7 Ov 7T Ov; 2 Ov
K 2 zk B _k: B 1 “ k
" “[ " 5%%5; T 5%82, T 5% 3,

— _§p9Knl [qi + K % ]

a$i



3rd order: R13 equations
delete all terms of order
@ (Kn4) and higher

conservation laws

Dp a’l}k
+ (%Uk =0
Dv; 00 ologt
7 K 1 —
"Dt T Pom Y axﬁ lﬁxk_ !
3 D6 a’l}k; 8qk a’Uk;_
g% + Kn' |22 —
2'0Dt e Tk . Oxy, +0kl35€l_ !
equations for pressure deviator and heat flux
Do, 4 8q<z~ (% (9’Uk 3 om; ik 1 87}('
Kn’ Yoy 2 20— + o, K P2 = —ppK i 42—
tH [ Dt 58:z:j> i oK &m o j@azk] T H (9:ck ] '00 H [03 * M&@]
Dg;, 5 00 Jlnp (9azk 7 (9’0k 7 8@1 2 O
Kn’ 2o — oL + 0 Lt 4 < z
" [Dt 3%z T oz, "V az, " 5%0m, 5%z, q’*‘axz
10R;; 10A ov, o 0oy 1 00
+ Kn’ 42 ; — = ——pK ;
A [2 oxy * 6 0x; +mkl8$l 0 (%Ul] 2'0 t [q * F&(‘?mi]
+ higher moment equations for m;;; = U%kv Rij = uj; — 1oy, A = u’ — u|2E



R13 equations (non-linear) [HS & MT 2003, HS 2004]
(Euler / NSF / Grad13 / R13)

Dp (%k;
+ 8azk =0
Dv; (‘99 dp doip |
th +'0(9 08x2+ lﬁxk] = PG

3 D6 8 (9qk (%k o
2" Di +’098xk l&ck ”’“axl] =0
DO'Z']' 4 6@ 6?) (%k 0mijk Tjj 8’0(2
= . ; =—pf |[ =L +2
[ Dt +50x &Bk + j@azk i oxy, P 14 * Iz )
Dq,»+§ ﬁ_g Q@lnp ea% Z Ovy, Z Ov; g ovy,
Dt 270z, "% o, Y om T5%0n, 5%0s,  5%0s,
O'U 80jk 1 8Rzk 10A (%j 5) q; 00
- - = 2 hp |2
+[ 0 Oxy +28:Uk +68xi+m]kaxk 2p +8a:i
00} oq;. (%k 7 00 0 Op
A= _ 0—— + Oo —Qp—=— — Qp——=——
0 [ oxy, TO0kg 0x; QQkaxk Qkpaxk]
- 41 24,LL 6Q' 00 5) c% ank 2 ank 9 ap
Hij = _7=0k<i0‘j>k B [ Iz ) 24 '056 T3 9 <0k '&Uk T Ok 056 30”890;) p 890
i aU(@j 00 4 (9?}] 9 ap
o = —27 y P
Mgk D [989% - <‘75?xk 54! Oz o p@xk

Chapman-Enskog expansion of R13 = Euler / NSF / Burnett / super-Burnett



Euler / NSF / Gradl3 / R13 (linearized) [HS & MT 2003]
Orp+ poV - v =0

poOrv +Vp+ V.0 = pyG

3
§poat(9+pov-v—‘rv°q20

4 2 0
Oro + g <Vq> + 2p <VV> — _Po HO [

MOO"ng—O AO’+5<V(V0'>>]

D 2 §
8tq+V-a+§V6’:——@q+—@ {AquQV(V-q)}

3o~ 9o

<¢> - symmetric tracefree tensors

blue terms: diffusion; green terms: wave-like; red + blue terms: Knudsen layers.



Stability in time: Gradl3, R13 are stable
disturbance in space: k real, Q = Q, (k) 4+ i€2; (k) complex
ug = usexp i (U — kx)| = tgexp |[—at] exp [ik (vt — )]
phase velocity and damping:
Vph, = # and a = ); (k)

stability:

10

NSF super-Burnett

o [l
o g =0 NN O W
Ul
(=) N > oy

- L. - a
G 9.5
) -10
-12.5
-15 Burnett
-0.6-0.4-0.2 0 0.2 0.4 0.6 -7.5 -5 -2.5 Q0 2.5 5 7.5 -2 -1 0 1 2
Qr i%r Qr

10 1

2
aug. Burnett Grad 13 R13
8 0.8 15
6 0.6
1
G 4 Go.4 &
/] — | 0.5
2 0.
0 0 0
-3 -2 -1 o 1 2 3 -1.5 -1 -0.5 0 0.5 1 1.5 2 -2 -1 0 1 2

Qr Qr



H-Theorem for linear R13 equations [HS & MT 2007]

entropy balance 5
Dn = 0¢y
=>>0
Dt i Ox}. o

convex dimensionless entropy density similar to [Bobylev 2007]

(p, v;, 0 are dimless deviations from equilibrium state py, v? =0, 0o)

1, 1 302 1 1
=Moo — 5P — JViVi — 2V — 20405 — -4i4q;

entropy flux |w;; = R;; + %57;7']
2 1 1

O = — (,0 + 9) Vi — V0 — Oqi — g%ﬂik — §U¢jmz’jk — g%wik

bulk entropy generation rate
005 4qg 1  Jdoy 1 0g !

2= — oMyjk— — ZW;
Kn ' 15Kn 2 oz, 5

regularizing constitutive equations guarantee > > 0 and linear stability

wij = Rij -+ 56@7 = —?Kl’laajj> — 4K1’18—$k6w , mz-jk = —2Kn

extension to non-linear case: [Torrilhon 2011]

80_(@7

(932’@



H-Theorem & boundary conditions [HS & MT 2007]

first and second law for solid wall at rest, temperature 6y

0w O 0 0¢;”
Cy W__i_ﬂ:() ) nW+ qbk :ZW
ot 0x}. ot Oxy,
with ny = 1y, — %QIZ/V  Or = —Owar, S = _q’“a@eTVZ

entropy generation at wall: Xy = (qka — gbk) ng > 0

2 1
ZVV - 5m’ [Ui - /UZVV + (g - a) QZ + mmn] + QZ [CVO'm' + gwm]

D

2 1 3
+ an [0 - 0W + (_ _ ﬂ) Onn + gwnn] + Onn [ﬁQn + Zmnnn

phenomenological boundary conditions guarantee Xy > 0

1
qi = V2 [OZO'm' + gwm]

[ 2 1 1
qn = 4 0 — 9W + (5 - ﬁ) Onn + Swnn] Onn =— 73 [ﬂQn + §mnnn]

_ [ W 2 _
Opi =M1 |V —V; + 5—04 qi + Minp

with phenomenological coefficients v, — 5, o, 8

|

2

Oij =5

1_
+ —O'Z'ju

0

>0

iyn =

1

[_

2

mijn]



How many BC do we need anyway?

Write set of eqs as n, 7 — normal/tangential to wall

ou ou ou
Dip—— + Asp—0 + Bap—0

ot oz, e =

How many space integrations?

# of constants for x,-integration = # of eigenvalues of Ap

Interesting problem:
Grad 13 linear, non-linear need different number of BC!

same for orginal R13!!



Fix # of BC for R13 (Maxwell molecules) [AR & HS, 2014]

rewrite: with a]ySF 21“8.75 7 QZNSF _ 15“352
N B L S P <%)
P P 5 p 8:1%
R..:_%M+Q4M+64M_z4 9 2

8 1 NSF 41 NSF d (0jk
il = Ol — 216

NSF

NSF
replace: 0;;°" — 05, ¢ — q,

e # of BC the same for linear and non-linear eqs.

e assymptotics remain, i.e., R13 system remains O (Kn’)

e non-linear behavior has changed (shocks!!) ... under investigation

e no equivalent procedure for Grad 13



Boundary conditions for moments [MT & HS 2008]

derived from Maxwell boundary conditions for Boltzmann eq.

kinetic BC for odd fluxes (at left and right boundary)

: 2 1 1
Sllp Utn:_QiCX 0 -P (Ut—va)—i_g%"i_ﬁmtnn Uz
. x [27 1,1 1. 5
= — 2P (0 — Oy) — =P 00 + —=A+ =R, | ny
jump ¢ 7\ o | ( W) 5 V+20 + 1 +28R n
x [2 1 1 1 4, 1
n=— — Ooy — 00y, +-P (0 —0w) — =P —A| n,
Mitn = =57\ g [1a T+ 00 = 500m + 5P (0 = Ow) = g PVZ 4 358 |
x 22 3 T 1 1
nnn — PO -0 ——-PV*—-0 nn _A__Rnn n
" 7 Vo [0 0w) =3 R S VR
e —t - _PH(U—UW)—Eq—lﬁm — PV? + 6PV (6 —0y)| n
tn 2_X 7T0_ t t 5 t 9 tnn %74 n

Bnp
0

<[>

— w _ _ 1 1
V;—’Ut—’l}t ,’Un—O, P—p0+§am—m

&

x accommodation coefficient
indices m, t: normal /tangential components
—> purely local BC, well-posed problem!

H-Theorem at wall in linear case [HS & MT 2007]

2nd order BC for NSF in limit O (Kn®) [HS & MT 2009]
[Gu&Emerson 2007]: kinetic BC for R13, but too many BC lead to spurious wall layers



A remark on temperature in kinetic theory

internal energy and pressure tensor

puzg/cafdc , pijzm/Ciijdc

—> pressure

1 1 2m 2

_ — _ —_ 2 — _
p—gpkk: Sm/Ckade 55 C*fdc 3,011,

non-equilibrium temperature defined through energy as in equilibrium

3 3 2
pu 2:0 2:0 p B'OU P

but what do we measure? from jump condition

lﬁann 1A 5 R,

2—x [mlq,
1P 30P 6P

2 2 P

1
Ow =0 + —Zv%%

Oy is thermometer temperature, 6 is gas temperature!

—> gas temperature cannot be measured easily



Force driven Poiseuille flow

[PT, MT & HS 2008]

R13 equations exhibit temperature dip [Tij & Santos 1994/98, Xu 2003]
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Transpiration flow

Flow driven by temperature gradient

gas particles thermalize at wall

T-gradient in the wall induces 7'-gradient in gas
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Transpiration flow

Flow driven by temperature gradient

gas particles thermalize at wall

T-gradient in the wall induces 7'-gradient in gas
gas-wall interaction: wall pushed towards cold side

actio = reactio: if wall at rest, gas moves towards warm side



Transpiration flow

Flow driven by temperature gradient

gas particles thermalize at wall

T-gradient in the wall induces 7'-gradient in gas
gas-wall interaction: wall pushed towards cold side
actio = reactio: if wall at rest, gas moves towards warm side

surface force: moves only for small volume/area —> transition regime



Example (failure of hydrodynamics):
2D Bottom heated cavity, Kn=0.13

temperature contures and velocity streamlines

(a) ) (o)
6 contours and streamlines, NSF (Kn=0.13) 6 contours and streamlines, DSMC (Kn=0.13) 6 contours and streamlines, R13 (Kn=0.13)
1'0,\ T T T T il 1.0,\ T T T T | 1'04 T T T T |

0sl =N\ 1 0.8 > ] 08
0.6r0/
0.4’

7_‘r— 1 0 0.61 il “ ‘7—" R ] 7 0 0.61 N
O RS
{ 0.4/ [i#k e il 0.4

0.21 ¢t 0.2

0.0k 11320 0=

0.0

[Rana et al., Cont. Mech. Thermodyn. 27, 2015]

Middle: DSMC solution of Boltzmann equation, exact, but takes days
Left:  Classical Hydrodynamics (jump/slip NSF): minutes, but misses flow details

Right: Extended Thermodynamics (R13 eqs): minutes, has all details (approx)!!



R13: 2D Bottom heated plate (MM) (AR, AM, HsS 2015]
comparison of NSF, DSMC, R13

Kn=0.05: heat flux and shear stress

(a)
Oy contours and heatlines, NSF (Kn=0.05)
1.0 ‘ ‘ ‘ ‘ q

] Ty
.0.046

—0.04570 oL

®

Oy contours and heatlines, DSMC (Kn=0.05)

1.0 pivies

0.8 mox
0.6
0.4/ =

0.2} %

0.2

0.0

Kn=0.05: temperature and streamlines

1.07

0.8f

0.67

041811/ /.

0.0b

(@)

6 contours and streamlines, NSF (Kn=0.05)

0201 ]

N | 9 O
| . 1.904
: 0.

6 contours

(b

and streamlines, DSMC (Kn=0.05)

1.0f ‘
0.87
.67

48

1075

1 o OO WA
.1.913 ;
| 0.4 IO/

-0.0370.0

()

Oy contours and heatlines, R13 (Kn=0.05)

0.0

(©)
6 contours and streamlines, R13 (Kn=0.05)

1.0F

1.106 0.0k

] Tay
.0.037

-0.0374

1.112



R13: 2D Bottom heated plate (MM) (AR, AM, HS submitted]
comparison of NSF, DSMC, R13: temperature and streamlines
Kn=0.13

1.07

0.8

0.4r7]

0.6 %

0.2t

(@)
6 contours and streamlines, NSF (Kn=0.13)

Kn=0.3

107
0.8/
0.6/

0.4 1,

0.2Hi

(a)
6 contours and streamlines, NSF (Kn=0.30)

1 1] 60
.1.746

6 contours

(b)
and streamlines, DSMC (Kn=0.13)

1.07

0.8r

0.6f

0.4r [

6 contours

(»)

1.0f

0.8F

and streamlines, DSMC (Kn=0.30)

(©)

6 contours and streamlines, R13 (Kn=0.13)

(0)

6 contours and streamlines, R13 (Kn=0.30)

1.149



Fun excursion:

play with BC: inverted transpiration



R13: Lid-driven cavity flow (MM) [AR MT, Hs 2013]

velocity streamlines and stress contours Kn = 0.08, vjq = 507

; 00'12 contoursand Streamlinesv;, DSMC (Kn=0.08) 12 contours and Streamlinesv;, NSF 1st (Kn=0.08)
R T T T T 1.0 T T T

012

-0.0861

(c)

12 contours and Streamlinesv;, NSF 2nd (Kn=0.08)

10

J T2
Io,oosss 08t

06

04
-0.07673

0.2

0.0 L : L L : J 0.0

0.0 02 04 06 0.8 1.0 0.0 0.2 04 06 0.8 1.0
(b) (d)
Dimensionless shear stress, D on the moving wall vs Knudsen number for R13, NSF with 1st order BCs (NSF1) and 2nd order BCs (NSF2).

Kn ) D [6] D (R13) D (NSF1) D (NSF2)
0.010 70.7 - 0.1585 0.1476 0.1416
0.071 10 0.415 - -0.417 0.4271 0.4967 0.4000
0.141 5 0.502 — —0.507 0.5084 0.6613 0.4474
0.354 2 0.580 — —0.592 0.5644 0.8554 03717

0.707 1 0.620 — -0.631 0.5722 0.9619 0.2533




R13: Lid-driven cavity flow (MM) [AR MT, Hs 2013]

temperature contours and heat flux streamlines Kn = 0.08, v;;q = 507

¢ contoursand Heat flux g, DSMC (Kn=0.08)

6 contoursand Heat flux g, NSF 1st(Kn=0.08)

1.0

=

0.997248
0.9924

oob—mr v e L
0.0 0.2 0.4 0.6 0.8 1.0

(a)

6 contoursand Heat flux g;, R13 (Kn=0.08)

— T T T
— - s

0.8

0.6

0.4

0.991474

0.2

®» d)

DSMC, R13: heat flux from hot to cold!



Shocks: Comparison with DSMC results [MT & HS 2004]
Failure of NSF, Burnett, super-Burnett, and Grad13

1.0 e 1.0 -
= it - density ™ / density—
heat flux .',/ A — heat flux v .\." -
Y Vs NSF || /. 2\ Gradl3 L
e EE==isuiSio
JAFIRVEN Y
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-10.0 0.0 T / )\0 10.0 -10.0 0.0 T / )\0 10.0
10 /\ ..._l ..--'_'T - | 10 . .-..'__....TT- - |
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v 7 / v
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- s=10 — - s=10 +~
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Shocks: Comparison with DSMC results [MT & HS 2004]
Success of R13

1.0 e
,ﬂh\ 1 density™ |
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I / \ Regl3 |
05 : M =15
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Let’s take a step back, and summarize

e close to equilibrium

— LIT and Chapman-Enskog expansion agree
— classical hydrodynamics: Navier-Stokes-Fourier

— thermodynamic structure within range of validity O (Knl)
e away from equilibrium

— Extended Thermodynamics has great structure, but almost impossible
— Chapman-Enskog to higher orders leads to bad equations (Burnett, s-Burnett)

— Grad method /regularization gives good results, loss of thermodyn. structure
e choice of variables

— ET: by prejudice, expectation, trial & error

— Order of Magnitude: arbitrary system is reduced to its essence



Boltzmann Equation and the Collective

af af 2 -
ot + C’“a_m + Gk // / fll ) g 0o sin © dO de dc?

The Equilibrium Collective: Kn — 0
Maxwell distribution: C;,=c¢, —v;, & = C’Z/\/@

p 1 £’
i)T — T Aan

The Weakly Non-Equilibrium Collective: Kn <1

1st order Chapman-Enskog distribution: Sonine polynomials S (52)

({91}@-
f P Ui, T7 f|E
Oj) 0

\F o0
0 0x;

1+ Z a,S ij 8:1:]

r=1

coefficients a,, b. depend on cross section o.,;, determine u,



Hydrodynamics vs. Grad 13 moments

Hydrodynamics: variables p, v;, 0; constitutive equations for o;;, g;

CE distribution

" dvy;
f p? UZ? ) 8 03;'2 fM

\f o0
00x;

1+Zar Z&"] 8:6

Grad 13 moments: variables p, v;, 0, 0;;, g;; constitutive eqns for higher moments

Grad distribution

f|13 (P, Uz’ae;az’ja%) o

R

—> CE distribution function has more complexity than Grad 13!!



CE distribution function has more complexity than Grad 13 ...

Hydrodynamics

3 DO  Og. B ov;
Dt Oy, (Pix + o) Oy,
O-Zk‘ Maxk>
B
di o,

but Grad 13 has more complex equations

Grad’s 13 moments

D 0
,0+ OV

= (
8.I’k

Dvi Op  Oojp
p +
Dt &vz oxy,

=G,

0 3%

D N Ov;
Dt

(%k

3
5 (pézk + Uzk>

(%k

- 42 L {5y 42 ==
Dt 58.7: Okl (9 T Jjﬁask paa:j> 7]

Dq/,; 5 69 8 In p Ok 80'“ 8a¢k

— ; 010 0——

Dt - 0 k@ T oo ox;, 633] - Oxy,
7 ﬁvk 7T Ov; 2 ﬁvk 5 00 5p

50, 5% 0n, 5% 0n, 2Pom T 25"

Is that enough??



CE expansion to 2nd order: Burnett equations

1 2 1 2
O-ij:O-Z(j)—l_O-i(j) ; ql-:qi( '+ g
(1) . (1) . 9 . . 9 v . 5 1% (%@
0 = —2,&52']' and q;, = —/iaxi with n = o (0—0) , kK= §E , Sz'j a$]>
2 2
@ _ Hn %S~ B 1 0p vy, Ovj 2(91% 5 0°0
%ij P [wlaxk i (8:%- <p8$j> + O Oxy, + O ; ik +w38x<i8$j>
00 Olnp 1 00 06
o oSS
2 2
2 _ M p %811’19 g 2 oAty gavk(?lnﬁ 2(‘3%81119 0.5, Olnp 9 0S;i 0., J0lné
& P 18xk ox; ’ 30x,0x; 30x, Ox; ox; Oxy + 032k oxy, + 4(93% LSl oxy,
Burnett coefficients for power potentials [Reinecke & Kremer]
Y w (A} TI9 T3 Ty TWs TWe 91 92 93 (94 (95
4 (7 2 2w 7 1 2 2 7 1 |, 2w
ES-BGK |3 (5—w) |2 |0 P |8 s G-w 852 |5 | |smU+p+¥
5 1 3.333 2 3 0 3 8 9.375 5.625 | —3 3 9.75
ES 3.333 2 3 0 3 8 9.375 5.625 | —3 3 9.75
7 0.833 || 3.561 2.003 | 2.793 [ 0.217 | 1.942 | 7.781 | 10.038 5.647 | —3.010 | 2.793 | 9.113
7.66 | 0.8 3.600 2.004 | 2.761 [ 0.254 | 1.784 | 7.748 | 10.160 5.656 | —3.014 | 2.761 | 9.019
9 0.75 | 3.679 2.007 | 2.695 | 0.328 | 1.466 | 7.681 | 10.402 5.674 | —3.023 | 2.695 | 8.829
17 10.625 | 3.863 2.016 | 2.553 | 0.500 | 0.814 | 7.543 | 10.995 5.736 | —3.053 | 2.553 | 8.442
00 0.5 4.056 2.028 1 2.418 | 0.681 | 0.219 | 7.424 | 11.644 5.822 | —3.09 |2.418| 8.286
ES 4 2 3 0 1.5 8 11.25 5.625 | —3 3 9.25

2nd order expansion of Grad 13 gives ES-BGK/Maxwell-model coefficients!!




Dependence of moments on molecular interaction model
Couette flow at Kn=0.25, DSMC with different collision models (VHS, VSS, Maxwell)

Hydrodynamic quantities: not much affected

velocity

Figure G4: u (05} versus « /i
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Rarefaction quantities (Burnett etc.): visible dependence on molecular model

parallel heat flux
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Figure 68: g, (W/m”) versus x/z
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Non-Maxwellian molecules with moment method??

Answer 1: Brute force—many moments

Continuum Mech. Thermodyn. 8 (1996) 121130 (©) Springer-Verag 1936
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Burnett’s equations from a (13+9N)-field theory

Suzana Reinecke and G. M. Kremer

Departamento de Fisica, Universidade Federal do Parand, Caixa Postal 19081, 81531-990 Curitiba, Brazil
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The Burnett equations are determined from a (13 +9N )-field theory and the successive approx-
imations up to the fifth-order of the Burnett’s coefficients are given for gases whose particles
interact according to a Lennard-Jones 6-12 potential and to an inverse power law potential.

1 Introduction

The first expression for the stress tensor going beyond the Navier-Stokes equation and coming from the
kinetic theory of gases was due to Maxwell [1] who showed the existence of a thermal stress by relating the
otrno 1 e tn mmvemammnnlan Lac alae canooo

LR MR

tnmncnr ta nnnnnd aradicats af thmmnaventians Dasenasd 11 o

Burnett is unstable, moment equations are stable
same accuracy with moments requires 13+9N moments (N ~ 3 = 40)

—> large computational overhead

Answer 2: Reduce large moment system to its essence

—> Order of Magnitude Method



Regularized 13 moment equations (linear)

coefficients a(®%) determined through Grad closure, collision term

¢  an0oik (19 0 vy 0 Oqy 0 Ogqy 1 5 06
— )V ) 2 _ (173) - -\ (174) - v - _ (170) . -
ot ta oxy, ¢ oxy, Tik + Eﬁxk 4 68:13k Oz, ¢ Eaxi oxy, €a d 2Pr6(9xi
09 g% _ o 0 [\ 5 00F oy 0 0% _en Oy 1o, o 0%
ot 0z Oz ; 2 Pr 0z ) Ozy Oxy, 0x,L.0x} € J Oz
Maxwell hard spheres BGK

Pr 2 = 0.6667 0.660851 1

a9 || 2 =0.6667 0.650061 1

a1 0.786941 1

a2 |0 0.186614 0

al¥ |2 =24 2.10417 2 =28

allt |2 1.47742 5 =1.3333

a0 1 0.98632 1

a®V | 3=08 0.631247 =08

a2 |0 0.0925568 0

a23) |2 2.15033 3

a2t |0 —0.102588 0




Regularized 13 moment equations (linear)

coefficients a(®% determined through Grad closure, collision term

k= b: [@(1)}@: 25+ 3)”% = azi [@(2)Lb1 2(2517‘;3)”

g:ékﬂgkéﬂﬁha wﬂ@” ,m=éﬁﬂ£§?m%_%;W_%E?4]
wen o] [P ] ey e[ [ -]

wm LS fou) (B n] | apcp oty | a=23 (o] San

3 3 N
5 1 ~(1 125 5 1 5(1 Cl 1 5(1 ~(1 -1 Ca Ra Cl
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! 2 2 a;Z Cu [P ; Racee K1 LCI Va = Tla a9 4 Prq0)
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‘ —Ez%ﬂp}m{5%+a ot P @0 T G0
a,b=2
3 -1 (2,1)
~ ~ g O 2Pr a
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3
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a = 3 Clb [Dba ] {?9@ 2(1/ |:§0a + ¢a |:(1,(2’0) (1,(2’0):|:| }



Burnett and super-Burnett equations

CE expansion of generalized R13 (linear)

B 22 Z, 9 /9B 3 930
qzz—igae‘f—g 04 0™v 4+ 2 74 HB (9% HSB 8,0 _|_8.SB
2Pr Ox; 2 0xi0x, 3\ 4 85@;8562 0x;0xL0x}, 0x1.011L.0x;
Ovi 51 5 O B gy 00 3| o O° Ouy a0 Oy
(%j)_ [w2 Oz ;0x * (w2 —w3) 0z ;0x ) ™ Oz ;0x ) Oxy, e Oz 0x), O )
Maxwell hard spheres BGK ES-BGK (HS)
Pr | 2=0.6667 0.660851 1 0.660851
07 | 2 =5.625 5.81945 2 =25 S5 = 5.724
0y |3 2.42113 2 = = 3.026
wy |2 2.02774 2 2
wd |3 2.42113 2 = = 3.026
;% | 2 =0.625 2.23673 -1
58 | 12 =9.813 5.81182 % = 4.1667
wiP | 2 =1.6667 0.493778 —2 = —0.6667
ws? |3 =1.3333 1.16695 2

Burnett coefficients agree with literature

super-Burnett coefficients for non-Maxwellian

molecules: first time




R13 nonlinear
non-linear 2nd order [HS 2004] with linear 3rd order contributions

Dp (%k Dv;  0pf  Ooj 3 DO Oqg ovy, ov;
0 = pGy . Sp b ol g T
&Uk Y + ox; * Oz}, P 2 Dt + 0z} +p8xk +O]8:cj
Dg; ov; 5 Ovg (1) 00
) ’ 9—
+gk8 T + 3q 8:Ck “ (‘)xk

0 (%7; 5 O (9(], 0 8(].
RN Y 7 SR Wt G I RO G ) N it GO IO € O Y Y e’
¢ oxy, < [(m+ Mﬁ%m]) ‘ oxy, (,0 Oz, “ Ox; \ p Oxy

oy %

QUM

Do;; vy vy, 9q;
J 4 20y, : a2 2
Dt Mg, T e, T o,

0 5 00 5 O 00 ;j 0 Joj;
(22) 0 0 (93) HYOGY (24) KO0
! Oz [q.7> + 2Pruﬁx/‘ ] ! oxy, (p Oxy, ) ! oxy, (p 8xk)

1 q29)g,000P Olnp | o%i%k  endd) _ _ coP [Oij + 2 8%‘]
Iz ) 14 Ou oz )
Pr 4(10) o@D (12 4 (13) 2 4(15) 4 (16)
MM | 0.66667 | 0.66667 1.0 0.0 2.4 2.0 1.0 | 1.33333

HS || 0.66085 || 0.65006 | 0.78694 | 0.17693 | 2.09248 | 1.50489 | 1.00504 | 0.98678

420 42D 422 4(23) exy 4(25) 4(26) 427

MM 1.0 0.8 0.0 2.0 0.0 0.0 0.0 0.0
HS | 0.98632 | 0.63125 | 0.09466 | 2.19368 | 0.11447 | 0.23128 | 0.35548 | 0.10270




Example: Couette flow ¢ = 0.1, y =1 preliminary results, BC not shown

solution of semi-linear R13, similar to [PT,MT&HS 2009]

shear stress
oy = —Cp Kn
velocit
y a(270) 1 a(271) _ a(2=2)
Uy (y) - _CL(Z’O) Ecl Yy— 20’(2,0) 4z (ZJ)

heat flux parallel to wall

1+ a(l9) 2a1-0)q(2,0)

Y

q:(y) = — Kn? C? y + Cysinh

a(1,3)a(2,0) _ a(1,2)a(2,1) + a(1,2)a(2,2) Kn

heat flux parallel to wall

Paraliel Heat Flux {Kn=0_1,Ma=0.835), Red: Hard Spheres, Blue: Maxwell Molecules

.
shear stress velocity
" Shear Stress (Kn=0.1,Ma=0.839), Red: Hard Spheres, Blue: Maxwell Molecules Velocity (Kn=0.1,Ma=0.839), Red: Hard Spheres, Blue: Maxwell Molecules
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Example: Couette flow ¢ = 0.1, y =1 preliminary results, BC not shown
solution of semi-linear R13, similar to [PT,MT&HS 2009]

temperature

Pr D) — 412

0(y)=Cy— —C? 9% —2Pr o
(ZJ) 4 5 0Y 5q(1.0) vy

pressure

p=F— oy (y)
normal stress

2 + 2a(271) + a(2,6) 9 9 2@(277) 9 4 9 150/(1’0)0,(2’0) Y
oY) = ——3 59 W o3 B Co yHCs cosh |y s 150 & 1002 (012 — 610 Kn
temperature pressure normal stress

Temperature (Kn=0.1,Ma=0.839), Red: Hard Spheres, Blue: Maxwell Molecules 1.022,

b 3 ¥ L L " L
. 04 -0z 0a 0.2 04 -4 02 oo 02 o4 -04 02 L] 02 04

constants of integration C, from BC



R13 distribution function
Recall Grad distribution used for closure

Joa = JE [1 — %)\BSOB] = fiE [1 — % { AL (ua —uam) } 0B

Order of Magnitude: constructs moments with clear Kn order

zeroth order: p, v, 0
first order Oij 5 i
second order M jk;
K
wi =uf~ = —2g; (a=2,3)
R1
wy; ug‘j_l — &O'ij (a=2,3)
Ho
at least 3rd order 26 =" — %wl (c=2,...,N)

Wa — Mt Wy — mpd
S_m:), "3 bwzg_772b Yo 217}23 (b=4,...,N)
203 — N3y n203 — N3y
b gl — b3 = ¢390bu~}i2j P2 = Ppp2 i (b=4,...,N)
D203 — D302 D203 — D302




R13 distribution function

leading orders for second order variables

- —Gegl
= —ﬁbefff ~m |0+ perae ]
Wy = —%5% o [ S;jﬁ]
zgk: —fbg c%ck

phase density to 2nd order gives R13 closure

f== ) 14+ Au&u€5045 + Ac&iqi
m \/ﬁ?) [ 1% < ]> J
0q: dqqi | do i
— Ac (5 (9xk> Ap&ik)) (6 &Cj)) Ae&ii&;ln) (5 dzr

0ok k1 00 vy
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+ O (53)




R13 distribution function (non-eq manifold!!!)

[\

14 g aca - ac (-2 - e, (-2 - g (2
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Maxwell molecules: Sonine polynomials

exp | —

f =

hard spheres (3 x 3 matrices, round-off):

A, = 0.644446 — 0.0259338 £* + 0.00058875 ¢*

A, = —1.21624 + 0.296686 £ — 0.00909016 £* + 0.000161778 £°

Ap = 1.7532 — 1.35824 &7 +0.200694 £* — 0.00770945 £° 4 0.000127611 £°
A, = —1.59174 4 0.292273 £% — 0.007209 £

Ag = 0.594947 — 0.0412998 £ + 0.0009871 &*

Ay = —0.0419332 + 0.0222017 £* — 0.00274908 £* + 0.0000861661 £°

A, = 0.154386 — 0.0711059 &7 + 0.0070829 £* — 0.000148437 £°

Ay = —0.138697 + 0.0265345 £ — 0.000746734 ¢



The trouble with the 2nd law

Boltzmann equation guarantees 2nd law

on 0oy
= >
8t+8xk =
with
Uz—k/flnidc : qbkz—k/ckflnidc ;L= — /Slnidc
Yy Y Y

moment system, and Grad distribution fs are only approximations

particular problems:

fG:fEll_%

e fc may become negative for large c; (somewhat suppressed by Maxwellian f|)

)\ngB] with  ¢p =c¢;ci, ¢,

e —In %G does not exist for large c;
e series expansion for In |1 — tAppp| requires ]%AngB‘ < 1, hence problematic

—> 2nd law not guaranteed

however: good quality of results indicates good approximation for 2nd law. Large
values of moments will lead to problems (similar to radius of hyperbolicity in ET)



Summary: (Rational) Extended Thermodynamics

what you may like

e equations of balance law form

e 2nd law guaranteed

e symmetric hyperbolic eqs with convex extension =— well-posed
e finite speeds of propagation

e good solutions for solvable problems (with enough variables, no boundaries)

what you may not like

e full structure only for a handful of small systems (e.g., Euler, 10 moments)
e difficult to fill with life without underlying microscopic model

® No a priori statement on number of variables = trial & error

e no theory for boundary conditions

e workable approximations with larger number of moments lose structure

(= equivalent Grad moment method)

e finite speeds of propagation



Summary: Moment Method with Order of Magnitude Method

what you may like

e straightforward but cumbersome approximation of Boltzmann equation

e number of variables and their equations a priori linked to Kn
—> only keep what’s necessary

e includes boundary conditions
e good agreement to Boltzmann solutions (with boundaries, Kn limited)

e regularization terms remove hyperbolicity = smooth shocks
what you may not like

e no entropy/2nd law for non-linear case

e reliance on Grad closure = negative phase density for large ¢
e no balance law structure for non-Maxwellian molecules

e regularization terms remove hyperbolicity = infinite speeds

e Knudsen layers don't obey bulk scaling laws



Summary: Moment Method with Order of Magnitude Method
what we would like
e alternative closures: positive f, easy to integrate,

e link to 2nd law: at least clear statement about approximation

e more insight into resolution of Knudsen layers



The case for moment equations
and Extended Thermodynamics

e Microscopic theory: Boltzmann Equation
— microscopic variable: distribution function f (x;,%,¢;) (7 independent variables!)
— Direct Numerical Solutions are accurate, but numerically expensive

— Direct Simulation Monte Carlo is powerful (molecules, reactions), but expensive

e Macroscopic transport equations
— Approximation to Boltzmann = limited range of validity Kn"< 1

— collective behavior described by finite number N of macroscopic variables, e.g.
p (z;,t) — density, v; (z;,t) — velocity, T (x;,t) — temperature

0,j (z,t) — stress, g; (v;,t) — heat flux , ...
— fast deterministic solutions

— explicit equations, analytic solutions give deeper insight into processes



Proper moment equations capture the essence:
Accurate and efficient models for Micro and Vacuum flows

e Analytic solutions

— simple geometry, 1-D / 2-D

— great for understanding of basic rarefaction phenomena

e Numeric solutions (CFD)

—2-D / 3-D / transient
— give deep insight into complex flow processes

— allow simulation for design optimization

e R13 equations for monatomic gases: continuing
e Extension to polyatomic gases, mixtures: in progress

e Heat transfer in the phonon gas: in progress



IF we cannot have both, what do we value higher:

e accuracy in approximation?

e thermodynamic/mathematical structure?



