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The Poissonian character of the reversible part of nonequilibrium dynamics is exploited here in
order to determine a dynamically consistent expression for a reptation model without the
independent alignment assumption. It is shown that the previously proposed form by Doi and
Edwards for such a model is compatible with the GENERIC formalism of nonequilibrium
thermodynamic§Phys. Rev. E56, 6620(1997); 56, 6633(1997)] only after two changes are made:

(a) the production term in the evolution equation involves an average of the orientation dyadic
over the entire internal phase space, dbdthe extra stress tensor involves an additional term,
qualitatively different from the one representing the original Doi—Edwards expression. The
predictions of the new model for the stress after double shear strain with flow reversal are shown to
be realistic, demonstrating irreversibility effects, in contrast to the model with the independent
alignment approximation. €1999 American Institute of Physids$§0021-960609)52314-3

I. INTRODUCTION for the distribution function, as well as in order to deduce the
appropriate form for the stress tensor. This Poissonian struc-

The reptation modér® represents without a doubt the ture is a common characteristic of the reversible dynamics of

most successfid priori model of the rheological behavior of Hamiltonian systems and has been the subject of an exten-

polymer melts. However, in its simplest and most widely sive investigation for both discrete and continuum systems—

used form several assumptions are made. Among those, tiee the recent book by Marsden and Rétand references

independent alignmer{tA) assumption for the segments of therein.

the reptating chafis particularly important. For example,

with 1A the chain deforms reversibly in double-step strain

with flow reversal which is contrary to several experimentalll. MODEL EQUATIONS

findings?~’ Consequently, several models without IA have

been developef:*®* However, even within the microscopic

approach within which reptation models without IA have

peen developed, the resqltlng mpdel equ_atlons are not dﬁ’/'ector ands represents a location along the chain, more like
rived completely and/or with a unique fashion. For example

‘a_dimensionless “tag” normalized between 0 and 1, posi-

no changes were prqposed for the Stress_ tensor_ EXPressiffns corresponding to the two ends of the polymer chain.
over that corresponding to the model derived with the IAFor simplicity in the following we will omit the position and

gpproximatio_rﬁz This raises questions, thoggh, regarding they e from the arguments of the variables and we will only
mtemal consistency of the model since, given the close COMhclude the orientation and theparameter when there is an
HECIIOH b_et\/\;]ee? stress and dynam|hcs, one tyﬂcalzéggzecfﬁtermediate integration and thus a risk for confusion. The
changes in the first to accompany changes in the s " “rigorous” model without the IA approximation was origi-

Thus the need emerges for a further consideration of thﬁally proposed to be represented by the following
reptation model without the 1A approximation. In particular, onvection-diffusion equatiott:
we use here the recently developed GENERIC formalism oF '

The main variable of the reptation model is the distribu-
tion functionf(u,s,r,t), which expresses the distribution of
u ands at a given positiom and timet. The termu is a unit

nonequilibrium thermodynamits!® as a guide in complet- of ot a av| 1%
ing the missing steps in the model development. In particu- gt * or au Fl-uwu: 2o+ ¢ 20
lar, we explore the Poissonian structure of the reversible
(convective component of the equations in order to ascertain _ i ﬂ. |+ ﬂ'uuf 1)
the validity of the production term in the evolution equation aslar’ o

where is the reptation time scalg,is the velocity, andris
dElectronic mail: hco@ifp.mat.ethz.ch defined as
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. s 5 , expected to see changes in the expression for the stress ten-
7(s)= L/st f d*uf(u,s’)uu. (2)  sor once changes are brought in the evolution equation of the

structure, given their close interrelationshfy
Note that in deriving Eq.(1) the polymer mass density

(which may or may not be considered a constant depending
on the problemhas been factored out from the distribution
functionf which is normalized pointwise to a constant value

taken equal to unity/ 5/ f(u,s)d*uds=1. To address both of the above issues, we have developed
Compared with the traditional reptation modeith IA),  nhere a Hamiltonian reformulation of the governing equations

the above diffusion equation has two additional terms, thgor the reptation model without IA. According to the GE-

last two terms that appear on the right-hand side of(E4.  NERIC formalism, the governing equations should be of the

The first of those represents a rescalingsafue to the re-  form

traction (or expansiop of the chain within the confining

tube. The second of the last two terms in Et). is intro- 3_X_L E+M sS (10

duced in order to conserve the normalizationfah time. at X X’

However, this expression is not unique. In addition to the ) ] ) o

expression used in Eql), there are at least two more ex- wherex is the vector of the independent variables, which in

pressions, E1 and E2, that one can come up with easily NS case corresponds to={p,M, ¢, f(u,s)} with p denoting
the polymer mass density] = pv the linear momentum den-

Ill. HAMILTONIAN STRUCTURE

oV, C rer 3, sity vector, ande the energy densityk and S are the total
E1_+E' f wuri(u’ )’ f(u,s), © energy and entropy functionals, respectively, andnd M
or are two matrix linear operators. The two contributions to the
time evolution of x generated by the enerByand the en-
N [ a tropy Sin Eq. (10) are called the reversible and irreversible
EZZJFE' fo J u'u'f(u’,s)du’ds’ | f(us).  (4) contributions to GENERIC, respectively. Using the energy

) _ ) ) as the generator of reversible dynamics is inspired by Hamil-
Note that, for consistency, if expression E2 is chosen theyn's gescription of conservative systems, and using the en-

appropriate boundary conditions srfor f are tropy as the generator of irreversible dynamics is inspired by
_ 1 the Ginzburg—Landau formulation of relaxation equations.
f(us)=F(s)z—a(ul-1), s=01 (5 Compatible with the physics of the polymer melt and the
set of independent variables used here are the following en-
with ergy and entropy functionals:
?(s)zf f(u,s)du. (6) E:f e+2iM2)d3r,
p

The functionf, which is the probability density that a chain
segment is found at positios and hence represents the S:f (S(P,f)—kBan
monomer distribution along the chain contour, satisfies the

additional boundary conditions

xflf 8(lu|—1)p(0,s)Inp(0,s)d3uds|d3r, (11)
0

N o . 2 9t(s)
[51[7(1)—7(0)][1—1‘(8) X s ] =0, (7 A A _ _ 3
s=0 where G=u/|u| and p({,s,r,t) is a normalized probability
~ defined as
‘9_\/. ~1)— 5 5 +3‘”(S)] = (8)
ar [7(1) 7(0)][1 (S)] N S:l— . (0’ ~ fgf(alu,|,3)|u,|2d|ul| (12)

- 1 APV N !

The traditional boundary conditions for the original reptation Joff(u,s")d u"ds
model are recovered if we consider the additional constrainiote that the use of the normalized probabifitis necessary
f(s)=1, s=0,1 which, however, needs not apply when ex-if no constraints are placed priori on f, which is the case
pression E2 is chosen. followed here since it considerably simplifies the analysis.

The main question that arises is therefore which one, ifThe normalized probability not only normalized (which,
any, of the above expressions is better to use? In additiofly the way, it is important to do explicitly here in order to
Doi and Edwards have not proposed any changes in the eget the correct expressions for the Volterra derivatives of the
pression that they gave for the stress tenspfor the rigor-  entropy functional but it also removes the singular depen-
ous model, over that corresponding to the original reptatiorflence that this function has emerging from the fact fhHat
model with |A*215 nonzero only on the surface of a unit spherauispace and

_ - o therefore it is proportional té(|u|—1).

7=NnpkeT[ = 1+3[#1) = #H0)]], ©) The definitions given by Eq$11) and(12) are essential,
whereN is the number of polymer segments in a chain andamong other things, for the correct evaluation of the func-
n, the number density of chains. Nevertheless, it is usuallyional derivative
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tive closure E2 provided by Ed4) replacing the original
Inp(0,s) production term, last term in Eq1), but it can also be used
to evaluate the corresponding form for the stress tef¥sor.
1 o B The antisymmetry of. and the first degeneracy condition in
_fof Inp(0’,s")f(u’,s")du’ds’|, (13 Eq.(14) are crucial for finding the stress tendsee Appen-
dix), which comes out to bé&o within a multiple of the unit
which is needed in the derivations that follow. tensor that can be absorbed in the pressure
Once the energy and entropy functionals are specified, L
the main task of demonstrating a GENERIC structure re- 7:ankBTf f[3+7(O)—7(5)]uuf(u,s)d3uds
duces in constructing matrix linear operatar&and M pos- 0
sessing the proper structure and being compatible with the 17
governing set of equations. The structure properties of th@ote that Eq(17) includes two extra terms as compared to
linear operator matrices dfe'®the degeneracy conditions  the expression provided for the original reptation model
5S SE which was also used for the model without IA, B§). A
L-—=0; M-—=0, (14 consequence of these extra terms is discussed below in con-
oX oX junction with the new model’s predictions in a double-step
the Poissonian structure of the reversible operat@and the  strain experiment.
positive definiteness and symmetry of the dissipatives-
versible operatorM. For theL operator to be Poissonian, the
corresponding bilinear brack¢F,G} defined for two arbi-

0S
ﬁz _kBN np

IV. KEY MODEL PREDICTION

trary functionalsF,G as>1® The most important deficiency of the reptation model
SE 5G with 1A is its prediction of stresses in flows with flow rever-
{F,G}zg L- ! (15) sal. In order to verify that our new model without IA cap-

tures the irreversibility associated with flow reversal appro-
must be a Poisson brackét®i.e., it must be antisymmet- priately, we here consider the simple situation where,
ric, {F,G}=—{G,F}, and it must satisfy the Jacobi identity starting from equilibrium, we apply a shear stepy and,
immediately after that, a shear step. With the IA approxi-
{F{G.H}}+{G.{H,F}}+{H.{F.G}}=0, (160 mation, we fully recover the initial equilibrium configura-
where F, G, andH are three arbitrary functionals. Of all tion, so that the system is stress free after the instantaneous
those properties, the most difficult to satisfy is the Jacobfouble-step strain. This result is clearly at variance with ex-
identity. However, at the same time, this is the one that caerimental findingé;” and Dof has shown how to obtain a
be used to advantage to guide us on which of many possibl@ore realistic prediction by avoiding the IA approximation.
alternative expressions is the one to be preferred, as the oN¥€ here focus on the ratio(y) of shear stresses immedi-
that satisfies this very stringent requirement whose origin cadtely after an instantaneous double-step stfaity and +v)
be traced to the Hamiltonian structure of the reversible dyand after a single-step strairty). While 1A leads tor ()
namics. This has been used in a number of applications, &0, Doi's predictioff based on direct arguments within the
recent one and relevant to this work being the selection of &€ptation picture Is
glosgre relationship in polymer Qynami{iasThe chobi idgn- r(y)=1-A[B(y)] (18)
tity is the property used here in order to guide us in the
selection of the appropriate production tefiast term in Eq. with
(1)] in the reptation model without IA. 4B cog wpBI2)
The starting point for the formulation of the operator ~ B(¥»)=(1+¥%3) Y2 A(B)= w1
matricesL andM is the form that they have in the reptation
model without IA, since that is already availaBfeThus, we For the new model without IA, we determined the ratio
need to focus exclusively here on the changes needed fdy) by simulation. Actually, the first step strain can be
bring the additional terms in the governing equatiflest  treated exactly. After a single step, the distributios is still
two terms in Eq.(1)]. Moreover, as those terms reflect Uniform, and the distribution ofi for any givens is simply
changes in the reversible component of the dynarrisgre- ~ determined by the appropriate rotations of an equilibrium
Senting convective effe@tﬂ]ose are represented by two cor- ensemble of random unit vectors. This Implles that the stress
responding additional terms in the reversible linear operatoprediction of the new model in a single-step strain experi-
L, the irreversible oneM, remaining unchanged from the ment coincides with the one obtained from the original DE
reptation model without IA® The explicit expressions for model with IA, which is known to be realistic. With this
the new terms irL are given in the Appendix. Once the new initial configuration we apply the second step, where we can
terms are in place, a lengthy but straightforward check demswitch off the reptational diffusive motion isbecause here
onstrates that, among the three alternatives indicated onkye are interested only in the stress immediately after the
one results in ah. matrix operator with a Poissonian struc- rapidly performed double step. The probability densitg),
ture, namely the second alternative, E2, presented if4tq. defined in Eq.6), after the double step is a constant larger
Moreover, note that the& matrix not only provides for than unity in the middle section of the chain, it then jumps to
the distribution function equation, E¢l) with the alterna- a value smaller than unity at some distance from the center,

(19
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and it increases to unity towards the chain ends. The innehPPENDIX

portion of the chain, wheré(s) is constant, does not con- All the reptation models considered in this paper differ
tribute to the stresfotal strain zero after the two stgpbut  only in the choice of the. operator. For the original Doi—
the chain parts near the ends clearly carry stress from defoEdwards model, the component loicoupling the configura-
mations applied in the second step. kot 3, after carefully  tional distribution function and the momentum density is
eliminating the effects of ensemble size, number of time(see Eqs(58) and (116 of Ref. 15

steps, and bin width in the histogram representatiofi(sf,
we obtainr (3)=0.30. If compared to Doi's predictiofl8), Llfz: -
(19), which leads ta (3)=0.40, the new model without IA ) )
clearly implies irreversibility in flow reversal of the right FOr the rigorous model without 1A of Ed1), we have
order of magnitude. Actually, with an improved approxima- A _d d
tion for the average chain stretching in Doli;s approach, one La=La— Ef"' EJF fuu- ar’ (A2)
obtains the even closer predictio(B)=0.34"" If the modi- A :
fication of the stress tensor had not been taken into accounvtéhereas the modifications described by Hg@$.and(4) cor-
we would have obtained the somewhat smaller val(&) réspond to
=0.27 from the new model. g1 A 9., 90 e )9

We do not expect exact agreement between Doid-42= L4z~ a_sff' EJrf( f u'u(u’,s)d% ) ar’ (A3)
predictiorf and our result. The reason for this is that in our

f i f(1l i Al
E % ( UU)U-O,)—r. ( )

single segment approach, as in most other diffusion equa-£2—| ' ifa-. 9

tions and constitutive equations, the Rouse time scale, being Js- ar

much shorter than the reptation time scale, is completely 1 P

neglected. This implies that the step strains, while fast com- +f fo f u’u’f(u’,s’)d3u’ds’) o (A4)

pared to reptation time scale, are slow compared to the un-
resolved Rouse time scale. In Doi's direct analydise step  In order to specify the fulL operator{see Eq.(58) of Ref.
strains are assumed to be fast compared to both the reptatid®] one needs the antisymmetry bfto obtainL,,, and the
and Rouse time scales. The resulting difference is best sediist degeneracy requirement in Ed4) to obtain the stress
in the effects discussed in the Appendix of Doi's papEor  tensor occurring in the full expressiort?
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