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Thermodynamically consistent reptation model
without independent alignment
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The Poissonian character of the reversible part of nonequilibrium dynamics is exploited here in
order to determine a dynamically consistent expression for a reptation model without the
independent alignment assumption. It is shown that the previously proposed form by Doi and
Edwards for such a model is compatible with the GENERIC formalism of nonequilibrium
thermodynamics@Phys. Rev. E56, 6620~1997!; 56, 6633~1997!# only after two changes are made:
~a! the production term in the evolution equation involves an average of the orientation dyadicuu
over the entire internal phase space, and~b! the extra stress tensor involves an additional term,
qualitatively different from the one representing the original Doi–Edwards expression. The
predictions of the new model for the stress after double shear strain with flow reversal are shown to
be realistic, demonstrating irreversibility effects, in contrast to the model with the independent
alignment approximation. ©1999 American Institute of Physics.@S0021-9606~99!52314-3#
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I. INTRODUCTION

The reptation model1–3 represents without a doubt th
most successfula priori model of the rheological behavior o
polymer melts. However, in its simplest and most wide
used form several assumptions are made. Among those
independent alignment~IA ! assumption for the segments
the reptating chain2 is particularly important. For example
with IA the chain deforms reversibly in double-step stra
with flow reversal which is contrary to several experimen
findings.4–7 Consequently, several models without IA ha
been developed.8–13 However, even within the microscopi
approach within which reptation models without IA ha
been developed, the resulting model equations are not
rived completely and/or with a unique fashion. For examp
no changes were proposed for the stress tensor expre
over that corresponding to the model derived with the
approximation.12 This raises questions, though, regarding
internal consistency of the model since, given the close c
nection between stress and dynamics, one typically exp
changes in the first to accompany changes in the second14,15

Thus the need emerges for a further consideration of
reptation model without the IA approximation. In particula
we use here the recently developed GENERIC formalism
nonequilibrium thermodynamics15,16 as a guide in complet
ing the missing steps in the model development. In parti
lar, we explore the Poissonian structure of the revers
~convective! component of the equations in order to ascert
the validity of the production term in the evolution equati

a!Electronic mail: hco@ifp.mat.ethz.ch
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for the distribution function, as well as in order to deduce t
appropriate form for the stress tensor. This Poissonian st
ture is a common characteristic of the reversible dynamic
Hamiltonian systems and has been the subject of an ex
sive investigation for both discrete and continuum system
see the recent book by Marsden and Ratiu17 and references
therein.

II. MODEL EQUATIONS

The main variable of the reptation model is the distrib
tion function f (u,s,r ,t), which expresses the distribution o
u ands at a given positionr and timet. The termu is a unit
vector ands represents a location along the chain, more l
a dimensionless ‘‘tag’’ normalized between 0 and 1, po
tions corresponding to the two ends of the polymer cha
For simplicity in the following we will omit the position and
time from the arguments of the variables and we will on
include the orientation and thes parameter when there is a
intermediate integration and thus a risk for confusion. T
‘‘rigorous’’ model without the IA approximation was origi
nally proposed to be represented by the followi
convection-diffusion equation:12

] f

]t
52v•

] f

]r
2

]

]u
•S f ~12uu!u:

]v

]r D1
1

l

]2f

]s2

2
]

]s F]v

]r
: t̂f G1

]v

]r
:uuf , ~1!

wherel is the reptation time scale,v is the velocity, andt̂ is
defined as
3 © 1999 American Institute of Physics
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t̂~s!5E
1/2

s

ds8E d3u f~u,s8!uu. ~2!

Note that in deriving Eq.~1! the polymer mass densit
~which may or may not be considered a constant depen
on the problem! has been factored out from the distributio
function f which is normalized pointwise to a constant val
taken equal to unity,*0

1* f (u,s)d3uds51.
Compared with the traditional reptation model~with IA !,

the above diffusion equation has two additional terms,
last two terms that appear on the right-hand side of Eq.~1!.
The first of those represents a rescaling ofs due to the re-
traction ~or expansion! of the chain within the confining
tube. The second of the last two terms in Eq.~1! is intro-
duced in order to conserve the normalization off in time.
However, this expression is not unique. In addition to
expression used in Eq.~1!, there are at least two more ex
pressions, E1 and E2, that one can come up with easily

E151
]v

]r
:S E u8u8 f ~u8,s!d3u8 D f ~u,s!, ~3!

or

E251
]v

]r
:S E

0

1E u8u8 f ~u8,s8!d3u8ds8D f ~u,s!. ~4!

Note that, for consistency, if expression E2 is chosen
appropriate boundary conditions ins for f are

f ~u,s!5 f̃ ~s!
1

4p
d~ uuu21!, s50,1 ~5!

with

f̃ ~s![E f ~u,s!d3u. ~6!

The functionf̃ , which is the probability density that a cha
segment is found at positions and hence represents th
monomer distribution along the chain contour, satisfies
additional boundary conditions

H ]v

]r
:@ t̂~1!2 t̂~0!#@12 f̃ ~s!#2

2

l

] f̃ ~s!

]s J U
s50

50, ~7!

H ]v

]r
:@ t̂~1!2 t̂~0!#@12 f̃ ~s!#1

2

l

] f̃ ~s!

]s J U
s51

50. ~8!

The traditional boundary conditions for the original reptati
model are recovered if we consider the additional constr
f̃ (s)51, s50,1 which, however, needs not apply when e
pression E2 is chosen.

The main question that arises is therefore which one
any, of the above expressions is better to use? In addi
Doi and Edwards have not proposed any changes in the
pression that they gave for the stress tensor,t, for the rigor-
ous model, over that corresponding to the original reptat
model with IA12,15

t5NnpkBT@2113@ t̂~1!2 t̂~0!##, ~9!

whereN is the number of polymer segments in a chain a
np the number density of chains. Nevertheless, it is usu
g
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expected to see changes in the expression for the stress
sor once changes are brought in the evolution equation of
structure, given their close interrelationship.14,15

III. HAMILTONIAN STRUCTURE

To address both of the above issues, we have develo
here a Hamiltonian reformulation of the governing equatio
for the reptation model without IA. According to the GE
NERIC formalism, the governing equations should be of
form

]x

]t
5L•

dE

dx
1M•

dS

dx
, ~10!

wherex is the vector of the independent variables, which
this case corresponds tox5$r,M ,e, f (u,s)% with r denoting
the polymer mass density,M5rv the linear momentum den
sity vector, ande the energy density;E and S are the total
energy and entropy functionals, respectively, andL and M
are two matrix linear operators. The two contributions to t
time evolution of x generated by the energyE and the en-
tropy S in Eq. ~10! are called the reversible and irreversib
contributions to GENERIC, respectively. Using the ener
as the generator of reversible dynamics is inspired by Ham
ton’s description of conservative systems, and using the
tropy as the generator of irreversible dynamics is inspired
the Ginzburg–Landau formulation of relaxation equations

Compatible with the physics of the polymer melt and t
set of independent variables used here are the following
ergy and entropy functionals:

E5E S e1
1

2r
M2Dd3r ,

S5E S s~r,e!2kBNnp

3E
0

1E d~ uuu21!p~ û,s!ln p~ û,s!d3udsD d3r , ~11!

where û5u/uuu and p(û,s,r ,t) is a normalized probability
defined as

p~ û,s!5
*0

` f ~ ûuu8u,s!uu8u2duu8u
*0

1* f ~u8,s8!d3u8ds8
. ~12!

Note that the use of the normalized probabilityp is necessary
if no constraints are placeda priori on f, which is the case
followed here since it considerably simplifies the analys
The normalized probabilityp not only normalizesf ~which,
by the way, it is important to do explicitly here in order t
get the correct expressions for the Volterra derivatives of
entropy functional! but it also removes the singular depe
dence that this function has emerging from the fact thatf is
nonzero only on the surface of a unit sphere inu space and
therefore it is proportional tod(uuu21).

The definitions given by Eqs.~11! and~12! are essential,
among other things, for the correct evaluation of the fun
tional derivative
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dS

d f
52kBNnpF ln p~ û,s!

2E
0

1E ln p~ û8,s8! f ~u8,s8!d3u8ds8G , ~13!

which is needed in the derivations that follow.
Once the energy and entropy functionals are specifi

the main task of demonstrating a GENERIC structure
duces in constructing matrix linear operatorsL and M pos-
sessing the proper structure and being compatible with
governing set of equations. The structure properties of
linear operator matrices are15,16 the degeneracy conditions

L•
dS

dx
50; M•

dE

dx
50, ~14!

the Poissonian structure of the reversible operatorL, and the
positive definiteness and symmetry of the dissipative~irre-
versible! operatorM. For theL operator to be Poissonian, th
corresponding bilinear bracket$F,G% defined for two arbi-
trary functionalsF,G as15,16

$F,G%5
dF

dx
•L•

dG

dx
, ~15!

must be a Poisson bracket,14–16 i.e., it must be antisymmet
ric, $F,G%52$G,F%, and it must satisfy the Jacobi identit

$F,$G,H%%1$G,$H,F%%1$H,$F,G%%50, ~16!

where F, G, and H are three arbitrary functionals. Of a
those properties, the most difficult to satisfy is the Jac
identity. However, at the same time, this is the one that
be used to advantage to guide us on which of many poss
alternative expressions is the one to be preferred, as the
that satisfies this very stringent requirement whose origin
be traced to the Hamiltonian structure of the reversible
namics. This has been used in a number of application
recent one and relevant to this work being the selection
closure relationship in polymer dynamics.18 The Jacobi iden-
tity is the property used here in order to guide us in
selection of the appropriate production term@last term in Eq.
~1!# in the reptation model without IA.

The starting point for the formulation of the operat
matricesL andM is the form that they have in the reptatio
model without IA, since that is already available.15 Thus, we
need to focus exclusively here on the changes neede
bring the additional terms in the governing equations@last
two terms in Eq.~1!#. Moreover, as those terms refle
changes in the reversible component of the dynamics~repre-
senting convective effects! those are represented by two co
responding additional terms in the reversible linear opera
L, the irreversible one,M, remaining unchanged from th
reptation model without IA.15 The explicit expressions fo
the new terms inL are given in the Appendix. Once the ne
terms are in place, a lengthy but straightforward check de
onstrates that, among the three alternatives indicated
one results in anL matrix operator with a Poissonian stru
ture, namely the second alternative, E2, presented in Eq.~4!.

Moreover, note that theL matrix not only provides for
the distribution function equation, Eq.~1! with the alterna-
d,
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tive closure E2 provided by Eq.~4! replacing the original
production term, last term in Eq.~1!, but it can also be used
to evaluate the corresponding form for the stress tenso15

The antisymmetry ofL and the first degeneracy condition
Eq. ~14! are crucial for finding the stress tensor~see Appen-
dix!, which comes out to be~to within a multiple of the unit
tensor that can be absorbed in the pressure!

t5NnpkBTE
0

1E @31 f̃ ~0!2 f̃ ~s!#uuf ~u,s!d3uds.

~17!

Note that Eq.~17! includes two extra terms as compared
the expression provided for the original reptation mod
which was also used for the model without IA, Eq.~9!. A
consequence of these extra terms is discussed below in
junction with the new model’s predictions in a double-st
strain experiment.

IV. KEY MODEL PREDICTION

The most important deficiency of the reptation mod
with IA is its prediction of stresses in flows with flow reve
sal. In order to verify that our new model without IA cap
tures the irreversibility associated with flow reversal app
priately, we here consider the simple situation whe
starting from equilibrium, we apply a shear step2g and,
immediately after that, a shear step1g. With the IA approxi-
mation, we fully recover the initial equilibrium configura
tion, so that the system is stress free after the instantan
double-step strain. This result is clearly at variance with
perimental findings,4–7 and Doi8 has shown how to obtain a
more realistic prediction by avoiding the IA approximatio
We here focus on the ratior (g) of shear stresses immed
ately after an instantaneous double-step strain~2g and1g!
and after a single-step strain~1g!. While IA leads tor (g)
50, Doi’s prediction8 based on direct arguments within th
reptation picture is

r ~g!512A@b~g!# ~18!

with

b~g!5~11g2/3!21/2, A~b!5
4b

p

cos~pb/2!

12b2 . ~19!

For the new model without IA, we determined the rat
r (g) by simulation. Actually, the first step strain can b
treated exactly. After a single step, the distribution ins is still
uniform, and the distribution ofu for any givens is simply
determined by the appropriate rotations of an equilibriu
ensemble of random unit vectors. This implies that the str
prediction of the new model in a single-step strain expe
ment coincides with the one obtained from the original D
model with IA, which is known to be realistic. With thi
initial configuration we apply the second step, where we c
switch off the reptational diffusive motion ins because here
we are interested only in the stress immediately after
rapidly performed double step. The probability densityf̃ (s),
defined in Eq.~6!, after the double step is a constant larg
than unity in the middle section of the chain, it then jumps
a value smaller than unity at some distance from the cen
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and it increases to unity towards the chain ends. The in
portion of the chain, wheref̃ (s) is constant, does not con
tribute to the stress~total strain zero after the two steps!, but
the chain parts near the ends clearly carry stress from de
mations applied in the second step. Forg53, after carefully
eliminating the effects of ensemble size, number of ti
steps, and bin width in the histogram representation off̃ (s),
we obtainr (3)50.30. If compared to Doi’s prediction~18!,
~19!, which leads tor (3)50.40, the new model without IA
clearly implies irreversibility in flow reversal of the righ
order of magnitude. Actually, with an improved approxim
tion for the average chain stretching in Doi’s approach, o
obtains the even closer predictionr (3)50.34.19 If the modi-
fication of the stress tensor had not been taken into acco
we would have obtained the somewhat smaller valuer (3)
50.27 from the new model.

We do not expect exact agreement between D
prediction8 and our result. The reason for this is that in o
single segment approach, as in most other diffusion eq
tions and constitutive equations, the Rouse time scale, b
much shorter than the reptation time scale, is comple
neglected. This implies that the step strains, while fast co
pared to reptation time scale, are slow compared to the
resolved Rouse time scale. In Doi’s direct analysis,8 the step
strains are assumed to be fast compared to both the rept
and Rouse time scales. The resulting difference is best
in the effects discussed in the Appendix of Doi’s paper.8 For
melts of high-molecular-weight chains, both types of expe
ments could actually be performed. The assumption that
chain length relaxes on a negligibly short time scale is a
the reason for the seemingly paradoxical effect that the c
vection mechanism fully accounts for the irreversibility
flow reversal.

In conclusion, the implementation of the Poissoni
structure constraint in the formulation of the reptation mo
equations without the independent alignment approxima
has led to a modified diffusion equation for the distributi
function and to additional terms in the equation for the str
tensor. Albeit the uniqueness of the new model cannot
guaranteed, the approach followed has at least helped to
lect one and only one possible solution among three m
natural options examined in this work~including two ver-
sions from the literature!. Moreover, the new thermodynam
cally admissible model avoiding IA makes realistic pred
tions for the stress after double-step shear strain with fl
reversal. This is the key test for the performance of a mo
without IA. A detailed and comprehensive evaluation of t
model predictions in various flow situations is left to futu
work.
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APPENDIX

All the reptation models considered in this paper diff
only in the choice of theL operator. For the original Doi–
Edwards model, the component ofL coupling the configura-
tional distribution function and the momentum density
~see Eqs.~58! and ~116! of Ref. 15!

L42
IA52F] f

]r G2
]

]u
• f ~12uu!u•

]

]r
. ~A1!

For the rigorous model without IA of Eq.~1!, we have

L425L42
IA2

]

]s
f t̂•

]

]r
1 f uu•

]

]r
, ~A2!

whereas the modifications described by Eqs.~3! and~4! cor-
respond to

L42
E15L42

IA2
]

]s
f t̂•

]

]r
1 f S E u8u8 f ~u8,s!d3u8 D • ]

]r
, ~A3!

L42
E25L42

IA2
]

]s
f t̂•

]

]r

1 f S E
0

1E u8u8 f ~u8,s8!d3u8ds8D • ]

]r
. ~A4!

In order to specify the fullL operator@see Eq.~58! of Ref.
15# one needs the antisymmetry ofL to obtainL24, and the
first degeneracy requirement in Eq.~14! to obtain the stress
tensor occurring in the fullL expression.15
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